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Notations
Through out this thesis, some basic notations will be used to derive a continuum
mechanical description of deformation and stress as follows:
scalars a, b, ..., A,B, ..., α, β, ...,Ψ,Θ, ...
vector a, b,T ,N , ...
base vectors e1,E1, ...
matrix A, S,D, ...
second order tensors F,C (material description); a,σ (spatial description)
fourth order tensors C, C
material operators Div,Grad, {•}0, for example, ∇0
spatial operators div, grad,∇
time derivatives ˙{•}, Dt{•}, ddt{•}
index notation ai, Aij, BIJ , Cijkl
Einstein’s sum convention aibi =
∑
aibi
dyadic product a⊗ b = C⇔ Cij = aibj
double contraction A : B = D ⇔ D = aijbij
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Abstract
In the thesis, a study on the unphysical behavior within the interested deformation
range of the well-known Holzapfel model (HSF), the Transversely Isotropic Mate-
rial (TIM) and the modified Fung-type potential (MFH) is carried out. In these
models, the anisotropic strain-energy function represents the fibers and the isotropic
strain-energy function models the matrix. Although the models are convex, an unre-
alistic response probably occurs which is basically a numerical instability caused by
the ill-conditioned stiffness matrix of the equation system. Based on the dominat-
ing mechanical properties of the fibers, the thesis also proves that the non-physical
phenomenon takes place along directions orthogonal to the orientations of the fibers.
As a result, it is found that Model 6 and the first version of a Modified Fung-type one
(MF1) are good solutions to the HSF and the MFH, respectively. The MF1 is derived
from tackling the model instability as well as solving a difficulty in the equation
system for isotropic behavior due to lacking of the shear terms. Its isotropic version
is obtained by modifying the MF1 and is successfully applied to soft tissues such as
porcine liver and spleen. Subsequently, the thesis proposes an approach to physically
characterize the matrix within the model by identifying the shear modulus based on
indentation tests. This approach is able to ensure model stability by introducing
a physical meaning to the material parameter. Especially, a novel version of the
modified Fung-type model (MF2) is derived to not only ensure material stability but
also characterize the fiber dispersion.
Several models based on stress-driven growth for soft tissues are formulated in a fi-
nite element setting. The standard FEM is employed for boundary-value problems
using the proposed material potentials and the growth models. Besides, the fairly
new Face-based Smoothed Finite Element Method (FS-FEM) is adopted for more
advantageous properties such as higher accuracy, superconvergence and insensitivity
to distorted meshes (large deformation and large displacement) by using lower order
finite elements. The excellent performance of the combination of the SFEM with
growth models again demonstrates the benefit from applying the SFEM in biome-
chanics with lower computational costs.
Keywords: Constitutive Modeling, FEM, SFEM, FS-FEM, Growth modeling
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Zusammenfassung
In der Arbeit wird eine Studie zum unphysikalischen Verhalten im physiologischen
Bereich des bekannten Holzapfel Modells (HSF), des transversal isotropen Materi-
als (TIM) und eines modifizierten Potentials vom Fung-Typ (MFH) durchgefu¨hrt.
In diesen Modellen repra¨sentiert die anisotrope Dehnungsenergiefunktion die Fasern
und die isotrope Dehnungsenergiefunktion modelliert die Matrix. Obwohl die Mo-
delle konvex sind, treten unrealistische Antworten auf, die im Grunde numerische
Instabilita¨ten sind, die durch die schlecht konditionierte Steifigkeitsmatrix des Glei-
chungssystems verursacht werden. Basierend auf den dominierenden mechanischen
Eigenschaften der Fasern wird in dieser Arbeit auch bewiesen, dass die unphysikali-
schen Pha¨nomene in Richtungen orthogonal zu den Fasern auftreten.
Als Ergebnis wird gefunden, dass das Modell 6 und die erste Version eines modi-
fizierten Modells vom Fung-Typ (MF1) gute Lo¨sungen fu¨r das HSF und das MFH
sind. Das MF1 wurde aus der Beherrschung von Modellinstabilita¨ten sowie als
Lo¨sung des Gleichungssystems abgeleitet. Eine isotrope Version wurde durch Modi-
fikation des MF1 erhalten und erfolgreich auf weiche Gewebe wie Leber und Milz von
Schweinen angewandt. Anschließend wird in der Arbeit ein Ansatz vorgeschlagen, die
Matrix innerhalb des Modells durch Identifizierung des Schubmoduls auf Basis von
Eindrucktests physikalisch zu charakterisieren. Dieser Ansatz gewa¨hrleistet Modell-
stabilita¨t, indem die Materialparameter physikalisch gedeutet werden. Insbesondere
wurde eine neue Version des modifizierten Fung-Modells (MF2) aufgestellt, um nu-
merische Stabilita¨t zu gewa¨hrleisten und Faserdispersion zu charakterisieren.
Diverse auf spannungsgetriebenem Wachstum basierende Modelle fu¨r Weichgewebe
werden in einem Finite Elemente Rahmenwerk formuliert. Die standard FEM wird
zur Lo¨sung der Randwertprobleme mit den vorgeschlagenen Potentialen der Mate-
rialien und den Wachstumsmodellen eingesetzt. Daneben wurde die fla¨chenbasierte
gegla¨ttete Finite Elemente Methode (FS-FEM) fu¨r verbesserte Eigenschaften genutzt,
wie ho¨here Genauigkeit, Superkonvergenz und Unempfindlichkeit gegen verzerrte
Netze (große Verformung und große Verschiebung) durch die Verwendung von Finiten
Elementen niedrigerer Ordnung. Die hervorragenden Ergebnisse der Kombination der
SFEM mit Wachstumsmodellen zeigen erneut die Leistungsfa¨higkeit der SFEM bei
Anwendungen in der Biomechanik bei geringerem Rechenaufwand.
Schu¨sselwo¨rter: Konstitutive Modelle, FEM, SFEM, FS-FEM, Wachstumsmodelle.
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1Chapter 1
Introduction
In this chapter, the definition of the research problem is described in depth. The state
of the art, the motivation, and the objectives of the research are also discussed. At
first, an overview of modeling nonlinear material models and the SFEM (Smoothed
Finite Element Method) is briefly given. Hence, some issues of material stability,
physically and geometrically nonlinear problems using the SFEM and solutions to
unstable material models are presented. Subsequently, the problem motivation and a
role of developing better material models are pointed out. Finally, at the end of this
chapter, the organization and the contributions of the thesis work are outlined.
1.1 Modeling of hyperelastic materials
1.1.1 Passive behavior
Biomechanical modeling of soft tissues is a challenging topic due to their complexity
and highly nonlinear behavior. Soft tissues have very complex structures and are
often anisotropic materials. They typically exhibit their response with stress-strain
curves characterized by the so-called ”J-shaped” form (Fung, 1993). At the begin-
ning of loading or low deformation, the resulting stress increases slowly at low level,
when tissue reaches a certain sufficient deformation (specific load), the stiffness of
stress-strain curve suddenly increases very high. In general, the ”J-shaped” form is
often due to the characteristics of the composite materials. Indeed, tissues are nat-
ural composite materials in which the matrix (soft substance) can be considered as
the elastin and the collagen fibrils embedded into the soft ground play as preferred
directional fibers. Tissues contain water, hence they are considered as nearly/fully
incompressible materials. Furthermore, in order to actively respond to stimuli, they
are capable of growing and adapting by remodeling. Their microstructures, therefore,
change, leading to variations of density and volume. The specific components and
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more details of living tissues were presented by Fung (1993); Humphrey (2002).
Modeling soft tissues by strain-energy functions has been frequently used in biome-
chanics and biomedical engineering for some decades. In biomechanical modeling,
there might be several approaches which can be adopted to formulate the mathemat-
ical models for specific tissues. However, two fundamental approaches considered are
based on a phenomenological approach and a nano/micro/structural one (Humphrey
and Yin, 1987). The former is successfully used to capture the tissue mechanics. One
of the very famous strain potentials was proposed by Fung et al. (1979) for arteries and
later fully completed in a more general form by Humphrey (1995). This Fung-type
model has been widely used in biomechanics, such as study of a right coronary artery
in three-dimensional (3D) stress-strain distribution (Takamizawa, 2009). Neverthe-
less, in this model no tissue histology is taken into consideration. This exponential
strain-energy function was formulated in terms of the components of the Green strain
tensor. Similarly, the Fung-type model combined with a polynomial potential for
a two-dimensional (2D) problem was utilized for rabbit skin as anisotropic material
(Tong and Fung, 1976) and was also applied to rabbit arteries subjected to inflation
and longitudinal stretches (Chuong and Fung, 1983). Chew et al. (1986) performed
biaxial tests on canine pericardium which shows anisotropy and a 2D strain-energy
function of the principal components of the Green strain tensor was employed. Ob-
viously, this approach is suitable for applications in which the histology of tissues
is not available or unquantified. The approach often results in mathematical sim-
plicity. Model parameters estimated from experimental data have wide variability
which might lead to numerical instability in simulations. Subsequently, one finds it
inconvenient to create reliable interpolations of tissue behavior (Yin et al., 1986). In
fact, the models achieved in this manner are unable to describe the roles of specific
constituents such as matrix and fibers presenting in many tissues. Furthermore, it is
difficult to introduce physical meanings to material constants.
On the contrary, the latter approach is employed to model microstructural con-
stituents of tissues, such as modeling fibers of connective tissue as long sinusoidal
beams by Comninou and Yannas (1976), flat collagenous fibers (Lanir, 1979), individ-
ual collagen fiber bundle (Kao et al., 2010) and micromechanically based constitutive
model for fibrous tissues (Cacho et al., 2007). This way, the total tissue response
is the sum of contributions of each constituent such as collagen and elastin fibers.
Thus, when the requisite structural data of tissues easily becomes available, the lat-
ter approach induces a better interpretation of the mechanical properties of tissues.
Moreover, modeling in regard to tissue structure or histology makes the models more
accurate and closer to the real behavior of the tissue, in particular, material constants
can bear better physical meaning, leading to experimental approaches for identifying
these parameters.
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In order to introduce more physical constraints on the material parameters of the
Fung-type model, Holzapfel and Weizsa¨cker (1998) proposed a potential composed
of two terms based on a combined phenomenological-microstructural approach, in
which the matrix is characterized by the neo-Hookean strain-energy function, while
the fibers are described by the Fung-type potential. Nonetheless, their applications
are limited to 2D problems. By adopting the latter modeling approach, Holzapfel
et al. (2000) postulated a strain-energy function (HSF) for arteries based on the
microstructure of the tissues, which are composed of collagen fibers and matrix-
elastin. Within this framework, the fibers and matrix are characterized by different
strain-energy functions, the role of each constituent is therefore described very well
and the material coefficients have clear physical meaning. It is worth noting that the
model is applicable only to the extension of fibers since these fibers are deactivated
in compression state. For compressive loading, the model may not really capture the
mechanical behavior, while the Fung-type model can reasonably describe tissue in the
compression state. That is one of reasons that the Fung-type model has been playing
an important role in biomechanics up to date. It is well-known that although the
material constants of the Fung-type model bear unclear physical meaning this model
has still been a good base and has been widely employed in many applications (Sun
and Sacks, 2005; Federico et al., 2008; Takamizawa, 2009). This thesis clarifies the
physical meaning of the material parameters of the Fung-type model in a framework
of well-conditioned equations and model stability in more detail.
Inspired by the HSF, Zulliger et al. (2004) proposed a strain-energy function for
arteries in which the wavy nature of collagen and the fraction of both elastin and
collagen in the media were taken into account. The model properly described rat
carotids, and its results are comparable or even better than those using the models
by Chuong and Fung (1983) and Holzapfel (2000). Thereby, some physical material
parameters obtained from histology of tissue are adequately introduced in order to
make the model closer to behavior of tissue. Different from the Holzapfel model, Peng
et al. (2006) suggested a strain-energy function composed of three components, which
are the matrix, the fibers and a matrix-fiber interaction. This reasonable interaction
part is analyzed as a shear interaction between the fibers and the matrix when they
start to carry the load. In general, the interaction between fibers and matrix plays an
important role in analyzing fracture of composites, in particular for dilute composites
in linear problems see also Andrianov et al. (2010). Kao et al. (2010) developed a
formulation in which the effect of fiber tortuosity and fiber orientation distribution
are successfully introduced. The tortuous fiber is constructed by a crimped fiber
model, considered as planar sinusoidal linear elastic beam and its bending stiffness
is taken into account. Thus, the structure tensor represents the effective orientation
distribution of crimped fibers. By modifying generalized structure tensors, Gasser
4 1. INTRODUCTION
et al. (2006) advanced a fiber dispersion model for solving the simulation problem
known as fiber rotation of the Holzapfel model (Holzapfel, 2000). In this development,
the general structure tensor taking into account fiber dispersion was developed and
introduced into the Hozapfel strain-energy function. Concerning this structure tensor,
Pandolfi and Vasta (2010) extended the alternative general structure tensors with
higher order terms of the distribution, in which the strain-energy function depends
on the mean value as well as the variance of a pseudo-invariant of the distributed
fibres.
Despite the fact that the latter approach has been somehow dominating the former
since the structural data has been gradually becoming available, the former has been
still making its contribution to biomechanical modeling. Thus, there is a need to
conveniently combine both approaches for specific applications with less effort. The
thesis, hence, focuses on the combined approach so that both ways can properly
compensate each other. Indeed, the two approaches have been clearly playing their
key roles in modeling hyperelastic materials (e.g. soft tissues) and can be combined
in order to not only achieve better interpolation of tissue behavior in any deformation
state but to ensure numerical stability in computer simulation. The latter requirement
is clarified in the following.
In fact, very few hyperelastic models mentioned in literature have been fully
checked for numerical stability. In several material models, their convexity were
studied and checked before performing numerical simulation. But a question arising
is if there still exists numerical instability independent of model convexity? If yes,
what is a solution to that? What is the true reason of this problem? How can the
problem be reasonably explained? Herein, these are discussed for each specific mate-
rial law. Models exploited in literature can be directly simulated with their material
parameters obtained from fitting experimental data (data obtained normally insuf-
ficient to characterize tissue response) without testing numerical stability. This can
lead to meaningless results due to the instability, which might occur in any model
according to the author’s experience. The next paragraph also presents some clues
for the problem definition above.
Besides the capability of representing the material behavior of biological soft tissue
accurately, constitutive equations must also ensure numerical stability in computer
simulations. Biomechanical models of composite materials, such as arteries, ureter,
intestine, etc., which combine an isotropic term and an anisotropic component, may
generally show Strongly Directional Behavior (SDB). This can lead to unphysical
response in numerical simulation using the HSF in which thickness thickening of a
specimen strip in the uniaxial test, known as fibre rotation (Gasser et al., 2006), may
occur even the model is convex. This argument of fibre rotation in uniaxial tensile
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testing that the fibres need to rotate into the loading direction, and hence, this pro-
cess causes thickness thickening in the middle of the simulated tension specimen. In
addition, the ground matrix of the tissue was too soft to prevent the fibres from rotat-
ing to the loading direction. Indeed, this statement is incorrect because the problem
is a numerical instability, which must be taken into account when formulating con-
stitutive equations. Obviously, this unrealistic phenomenon also takes place in an
equi-biaxial test using the HSF in which the fiber directions are unchanged during
the deformation. Therefore, it remains essential to comprehensively analyze this nu-
merical problem and find solutions. Duong et al. (2015c) interpreted the instability as
bad conditioning and proved this in the framework of the Holzapfel model by study-
ing the difference between isotropic and anisotropic energy terms, leading to general
solutions to the numerical instability. By varying the shear modulus (neo-Hookean
model) of the isotropic energy, the energy unbalance in the Holzapfel model with two
fiber families could be controlled, leading to the stable results. More precisely, the
unrealistic behavior is due to a large difference between the isotropic strain energy
and the anisotropic one, resulting in an ill-conditioned constitutive matrix.
Furthermore, Duong et al. (2012b) proved that the SDB dominating over the
isotropic behavior can, in general, cause unphysical responses along non-fibrous di-
rections, which was proven for hyperelastic material with two reinforced fiber families
and a Transversely Isotropic Model (TIM). A part from the solution developed (Gasser
et al., 2006), the proposed models in this thesis are capable of solving or alleviating
the instability problem at large strains without regarding knowledge of the histolog-
ical structure of the tissue. The modeling approach used in this work is a combined
phenomenological-structural way. Thereby, the proposed material model comprising
a new strain energy component can mitigate some restrictions of mechanical response
of the HSF model (Holzapfel et al., 2000). Though it was mathematically formulated
for dealing with the numerical problem, good performance is achieved.
In addition, the same material instability was first found for the modified Fung-
type model (MFH) by Holzapfel (2006). The author therefore proposed two novel
modified Fung-type potentials namely MF1 and MF2, which are able to overcome
the ill-conditioning problem in the physiological deformation range of tissue (Duong
et al., 2012a). In these models, material constants bearing physical meaning were
introduced.
1.1.2 Growth of tissues
Mechanical properties discussed so far have been known for passive tissue. Moreover,
living tissues are actively capable of growing, adapting, remodeling, or degrading
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and restoring in order to deform and respond to stimuli (Ehret, 2011). Therefore,
these characteristics have been studied for years, leading to different theories and
approaches.
The first continuum theory of growth for hard tissues (e.g. bone) was presented
in a framework of open system thermodynamics by Cowin and Hegedus (1976), and
later enhanced by Epstein and Maugin (2000). By considering the hard tissues as an
open thermodynamic system (Kuhl and Steinmann, 2003), a general model of growth
related to change of density and its computational strategy were proposed by Kuhl
et al. (2003). The approach is based on the concept of the decomposition of elastic
and plastic parts in finite strain, by Kro¨ner (1959); Lee (1969). An application of
hip replacement surgery was also studied for bone tissue (Kuhl and Balle, 2005).
Within this work, the computational model is derived from the initial boundary-
value problem of biomechanics which is primarily governed by the density and the
deformation problem. A coupled equation system in terms of the balance of mass
and momentum and a density-based approach is normally used for hard tissue. This
is reasonable since the hard tissues have little change in shape during growth and
remodeling (mainly considered as small deformation) and responses to stimuli enable
the tissue to adapt by remodeling their structure as conforming to a Wolff-type law,
leading to change of density.
For soft tissue, density is mostly considered to be constant, while changes take
place in volume. Rodriguez et al. (1994) proposed and extended a similar idea based
on the decomposition of the total growth deformation into a growth part and an
elastic part, applied to a material characterized by a 3D simple Fung-type potential.
In more detail, Lubarda and Hoger (2002) presented a study using multiplicative
decomposition of the deformation gradient into an elastic deformation and a growth
part for isotropic, transversely isotropic and orthotropic biomaterials in the framework
of finite deformation. The idea for isotropic growth of an isotropic material was then
realized by Himpel et al. (2005). They proposed an algorithmic realisation in a finite
element setting in which the isotropic stretch ratio is introduced as internal variable
at the integration point level. Subsequently, Kuhl et al. (2006) applied this idea
to analyze the isotropic growth for arterial walls and in-stent restenosis related to
atherosclerosis. However, the model describing the arterial wall is the neo-Hookean
one which is not realistic because arteries are anisotropic (Holzapfel, 2000). Menzel
(2007) addressed anisotropic growth based on the same idea and took into account
the fiber reorientation. Thereby, the growth model was introduced into the finite
element framework for orthotropic materials. Different approaches and complicated
models for growth modeling were presented by Humphrey and Rajagopal (2002);
Garikipati et al. (2004). The coupling of mass transport and mechanics was carried
out for multiphase material with interaction among species by Garikipati et al. (2004).
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Similarly, Humphrey and Rajagopal (2002) also considered a mass exchange among
the individual species in growth modeling.
1.2 Smoothed finite element method-SFEM
The Finite Element Method (FEM) has been developed for over a half of the cen-
tury. It is a numerical analysis procedure used to obtain approximate solutions to
boundary-value problems. Owning to large memory and high speed digital computers,
the FEM has become one of the most powerful and popular tools for numerical simu-
lations in various fields of natural science and engineering. Very basic and advanced
theory can be found in many text books (Bathe, 1996; Crisfield, 1997; Zienkiewicz
and Taylor, 2000a,b; Bonet and Wood, 2008). Up to date, the FEM has been still
being developed in order to improve its performance. For example, improvements on
convergence, accuracy and advantageous properties (e.g. free of locking and distorted
meshes) are of interest, especially for lower-order finite elements, which are widely
used in engineering and biomedical simulation. Developments of these lower-order
elements during several decades were remarkable (Taylor, 2000; Bonet et al., 2001;
Thoutireddy et al., 2002; Cervera et al., 2003), many useful numerical methods were
proposed to deal with practical problems, in particular, for enhanced accuracy in
coarse meshes and absence of spurious locking. A good example is that the use of
linear elements leading to fast computation can satisfy critical requirements to reach
realtime simulation for virtual reality on computer.
Inspired by the work of Chen et al. (2001) on stabilized conforming nodal integra-
tion, Liu et al. (2007a) introduced the Smoothed Finite Element Method (SFEM).
The principal idea of SFEM is to formulate a strain field as a spatial average of the
standard strain measure. To this end, the elements are divided into smoothing do-
mains (or smoothing cells) over which the strain is smoothed. Integration over the
element is now transformed to boundary integration of the smoothing cell using the
divergence theorem. Since the stiffness matrix is built based on boundary integration,
no derivatives of shape functions and no isoparametric mapping are needed. There-
fore, it is insensitive to element distortion, producing advantageous properties of the
SFEM. Depending on the number of smoothing domains in the element, the SFEM
brings about a number of properties such as improved accuracy and superconver-
gence, relative insensitivity to volumetric locking (nearly incompressible materials),
relative insensitivity to mesh distortion, and the SFEM is softer than the FEM (Liu
et al., 2007a; Nguyen-Thoi et al., 2007; Liu and Nguyen, 2010).
Based on the types of smoothing domains used, a number of different SFEM models
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are created with different features and properties. Specifically, four different smooth-
ing domains created based on cells (elements), nodes, edges, and faces are used to es-
tablish four different SFEM models: cell-based SFEM (CS-FEM), node-based SFEM
(NS-FEM), edge-based SFEM (ES-FEM), and face-based SFEM (FS-FEM). Each of
the four SFEM models has different advantages and disadvantages. In addition, it
is worth noting that a combination of the NS-FEM with the standard FEM leads to
the αFEM, exhibiting more accurate solutions. Detailed theoretical aspects includ-
ing stability and convergence about the SFEM can be found in the work of Liu et al.
(2007a).
In general, similar to applications of the standard FEM, the SFEM has been
developed and applied in mechanics. The CS-FEM was first presented by Liu et al.
(2007b) and used for a high-gradient heat conduction problem (Liu et al., 2007a). It
is also applied to dynamic problems for 2D solids (Dai and Liu, 2007). The CS-FEM
is proved to have better convergence, accuracy and being free of volumetric locking for
the one-cell smoothed four-noded quadrilateral finite element (Nguyen-Xuan et al.,
2008a) and for the 8-noded hexahedral element (H8) (Nguyen-Xuan et al., 2012).
The CS-FEM integrated with Extended Finite Element Method (XFEM) to simulate
discontinuity environment like cracks was discussed by Bordas et al. (2010, 2011).
The NS-FEM working very effectively for solid mechanics problems, n − sided
polygonal elements and very heavily distorted meshes were discussed by Liu et al.
(2009b); Nguyen-Thoi et al. (2009a). The ES-FEM approach used for static, free
vibration and buckling analyses of Reissner-Mindlin plates exhibits more advantages
with higher accuracy than the FEM and can be well combined with the stabilized
discrete shear gap technique to avoid shear locking (Nguyen-Xuan et al., 2009). Simi-
larly, Liu et al. (2009a) applied the ES-FEM in 2D for static, free and forced vibration
analyses of solids. They found that the ES-FEM possesses a close-to-exact stiffness
and superconvergence, and is softer than FEM. They also combined the ES-FEM/NS-
FEM to achieve a suitable FEM model in order to resolve volumetric locking. The
ES-FEM was successfully adopted to simulate dynamic crack propagation by Liu
et al. (2012). In addition, it was also applied to dynamic 2D fluid-solid interaction
problems, in which the fluid and the solid part were separately solved by the FEM
and the ES-FEM, respectively (Nguyen-Thoi et al., 2013).
By employing the same idea, the FS-FEM is another variation of this method and
has been used for nonlinear problems (Nguyen-Thoi et al., 2008). For example, He
et al. (2010) used the combined the ES-FEM/FS-FEM for structural acoustic prob-
lems consisting of a plate structure interacting with the fluid medium. Kazemzadeh-
Parsi and Daneshmand (2013) adopted the FS-FEM for solution of unconfined seepage
problems. For heat transfer problems, the NS-FEM using 3-noded triangular element
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(T3) and four-noded tetrahedral element (T4) were studied by Wu et al. (2008, 2009);
Xue et al. (2013). The FS-FEM for 3D visco-elastoplastic problems with tetrahedral
meshes was shown by Nguyen-Thoi et al. (2009b). In biomechanics or biomedical
applications, there is very few research using the SFEM for biological soft tissues. Up
to date, the FS-FEM was immersed into a complex FEM model for fluid-structure
interaction simulation of aortic valves by Yao et al. (2012), and applications employ-
ing the SFEM for analysis of anisotropic behavior in large strain and growth of soft
tissues by Duong and Staat (2014); Duong et al. (2014). Obviously, for 3D cutting
models of soft tissues the combination of the XFEM and the SFEM might be a very
promising topic as applied for linear materials of plates and shells (Bordas et al., 2010,
2011). The combination of the two methods employs T4 and reduces computational
costs, leading to a very prominent trend for virtual reality in biomedical applications.
To simulate very complex 3D shapes of soft tissues such as human organs, meshing
procedure for geometrical models needs to be completed. Due to simplicity in formu-
lation and implementation, the T4 element is often used. Furthermore, tetrahedral
meshes can be automatically generated and refined for complicated geometrical do-
mains. However, if the standard FEM is used with T4 element (FEM-T4), there are
always existing crucial shortcomings of the method for problems of solid mechanics
as follows; the well-known overly stiff behavior, poor stress solution, and volumetric
locking in the nearly incompressible cases (Nguyen-Thoi et al., 2008). The volu-
metric locking is the most considered issue in biomechanics of nearly incompressible
materials.
In order to overcome these disadvantages of using the T4, some new finite elements
were proposed. The mixed formulations (mixed-enhanced elements) can avoid such
difficulties (Simo and Rifai, 1990; Taylor, 2000; Lovadina and Auricchio, 2003). Av-
erage nodal pressure for tetrahedral elements was proposed by Bonet and Burton
(1998) and applied with extension for better handling of multiple material surfaces to
surgical simulation (Joldes et al., 2009). Similar to pressure averaging, uniform nodal
strain is also an additional effective tool as demonstrated by Dohrmann et al. (2000).
By using pressure stabilization, the interpolated pressure is stabilized to reduce vol-
umetric locking (Zienkiewicz et al., 1998; Cervera et al., 2003; Onate et al., 2004).
It is well known in the conventional FEM that the selective integration is another
alternative effective method to deal with volumetric locking. Enforcing a constant
pressure field over a group of triangles and tetrahedrons helps reduce pressure con-
straints, leading to being free of locking (Thoutireddy et al., 2002; Neto et al., 2005).
The nodal integration FEM can also be applied to nearly incompressible materials
(Nagashima, 1999; Puso and Solberg, 2006; Puso et al., 2008). Nevertheless, this
method can be viewed as a special linear case of the NS-FEM. Thus, the SFEM can
solve the volumetric locking very well, such as the CS-FEM by Liu et al. (2007a);
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Nguyen-Thoi et al. (2007), the nSFEM by Dai et al. (2007), the NS-FEM by Liu
et al. (2009b), and a combination of the NS-FEM with the FS-FEM by Nguyen-Thoi
et al. (2008). Note that it was shown by Liu et al. (2009b) for dynamic problems that
these types of NS-FEM are ”overly soft” and temporally unstable due to the presence
of spurious modes at higher energy levels.
In conclusion, the SFEM is adequate to be chosen for applications of biological
soft tissue in which large deformation (distorted mesh) and nearly incompressible
materials are commonly required (Yao et al., 2012; Duong and Staat, 2014; Duong
et al., 2014).
1.3 Objectives
Modeling biological soft tissue has recently been becoming a demanding trend. Since
the need of exact models presenting the behavior of complex biomaterials is tremen-
dously increasing. Therefore, the thesis deals with some problems in modeling of
hyperelastic materials applied to soft tissues. Therewith, by means of some proposed
material models, significant improvements of some existing ones have been obtained
and clarified for applications of arterial walls, ureters, intestines, etc.
As discussed above, a strain-energy function which exhibits SDB might lead to the
ill-conditioning issue. Thus, it is necessary to comprehensively clarify this numerical
problem and its solutions. As a result, several questions need to be answered such as
if the numerical problem only happens to the Holzapfel model? What is the reason
of this numerical instability? How to solve it if the problem is found for a specific
material model? To this end, the thesis answers all questions by studying numerical
instability of the hyperelastic models.
In spite of the fact that the mathematical model is convex, the numerical instability
might occur even in the physiological deformation range for soft tissue if the material
parameters are not properly identified. For strain-energy functions in terms of invari-
ants such as the HSF potential, the ill-conditioning can definitely be observed when
a large difference between the neo-Hookean potential representing the matrix and the
anisotropic term describing the fibers exists. However, the same phenomenon can
be found in simulations using the 3D modified Fung-type model (MFH) (Holzapfel,
2006). The 2D version of the modified Fung-type model was proposed and studied by
Holzapfel and Weizsa¨cker (1998), in which the strain-energy function was composed of
an isotropic part (for instance, the neo-Hookean) and the anisotropic part (Fung-type
model). To overcome this disadvantage of this model, the first version of the modified
Fung-type model (MF1) has been derived for various kinds of tissues with enhanced
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model stability. Subsequently, the thesis also suggested a novel Fung-type model
(MF2) in which fiber dispersion has been taken into consideration in order to solve
the numerical instability and to enforce a physical meaning of the material constant.
In addition, these proposed models are capable of well representing the compression
state of tissue. It is very helpful for experiments and applications in which the tissue
is subjected to both extension and compression states (Nova´cˇek et al., 2012).
To achieve solutions for boundary-value problems, some numerical methods must
be used. Herein, the FEM has been adopted by using mixed finite elements for
avoiding volumetric locking. Besides, the SFEM postulated by Liu et al. (2007a) has
been used as an alternative tool, but mostly integrated with growth models. It again
arises a question how the SFEM can be applied to highly nonlinear problems in which
large strain and hyperelastic materials are employed. Due to the fact that the SFEM
has been successfully applied to nonlinear problems (Yao et al., 2012), there remains
essential to applying the SFEM to physically and geometrically nonlinear 3D problems
in biomechanics and biomedical engineering with lower computational cost (Duong
and Staat, 2014). Thereby, the thesis presents the FS-FEM in a framework of very
highly nonlinear and large scale problems in which large deformation and anisotropic
hyperelastic materials are involved. Later, the SFEM combined with growth models
has been discussed for the first time (Duong et al., 2015b). To this end, internal
variables of the growth models have been modified properly and the implicit Euler
has been adequately implemented to solve the equation system for growth simulation.
This very important process of living tissues subjected to external load is considered
as a stimulus factor in their lives. Throughout these applications, the properties of
the FS-FEM implemented into large open source programs such as FEAP (Taylor,
2011) and Code Aster for growth modeling are also clearly seen and analyzed. This
helps to display the versatile capacity of the FS-FEM. Furthermore, the research
work also provides a very effective tool in the open source software Code Aster for
computational simulations of boundary-value problems.
1.4 Organization of the thesis
In chapter 2, a broad view on nonlinear continuum mechanics is presented. Kine-
matics of a motion of a continuum body is explained in order to define all important
quantities and derivations for the later chapters.
Chapter 3 presents the basis of modelling of nonlinear materials in order to derive
the constitutive relations describing the response of a material body to applied loads.
Hyperelastic materials are considered and discussed in detail so that they can be
applied in the next chapters to characterize the biological soft tissues.
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Chapter 4 provides a context of material models characterizing soft tissues. The
material stability for composite materials is mainly focused in this section. By analyz-
ing some drawbacks in material stability of the existing models such as the well-known
HSF model and the MFH, a solution is figured out and is discussed.
Chapter 5 brings an argument on an effective way of applying Fung-type models in
biomechanics. To overcome the disadvantage when dealing with isotropic behavior,
the Fung-Type model is combined with an isotropic strain-energy function. In this
manner, the proposed models are able to overcome material instability. Thereby,
the MF1 and the MF2 models are derived to overcome the ill-conditioning problem.
Moreover, the thesis suggests a definition of the Young’s modulus by indentation test
to characterized the matrix of the media.
Chapter 6 investigates growth modeling of soft tissue. Isotropic growth and trans-
versely isotropic growth models in literature are briefly analyzed and are applied to
isotropic, transversely isotropic and some proposed anisotropic models in chapter 5.
The novel FS-FEM method for linear cases and geometrically and materially non-
linear problems is discussed in chapter 7. The FS-FEM shows higher accuracy and
successful applications using distorted meshes without any additional degrees of free-
dom.
Conclusions as well as future work follow in chapter 8. All proposed strain-energy
functions in the thesis are achieved based on the study of numerical instability of the
hyperelastic models in literature. The FS-FEM is successfully applied to nonlinear
problems involving hyperelastic materials and tissue growth which demonstrates the
prominent capacity of FS-FEM in biomechanics and biomedical applications. Future
work is also described for further applications with the FS-FEM.
1.5 Contributions of the thesis
The following points may be considered as the contributions of this thesis:
1. Stability of the anisotropic hyperelastic model based on the HSF model for
soft tissue with one and two fibre families embedded is deeply studied. In
addition to arguments in (Gasser et al., 2006; Duong et al., 2015c), the thesis
proposes a more complete argument and states that the unstable simulation
takes place at the direction orthogonal to the fibre plane or the fiber directions.
After investigating six material laws based on the combined phenomenological-
microstructural approach, Model 6 finally satisfies to overcome the instability
problem of the HSF.
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2. For the first time, the modified Fung-type model (MFH) postulated by Holzapfel
(2006) has been investigated in a framework of ill-conditioning. The results
prove that although the model possesses convexity, it is still affected by the
ill-conditioning, leading to unphysical phenomenon as discussed above.
3. The argument on unrealistic behavior is, therefore, extended to any strain-
energy functions showing SDB. Subsequently, when using a potential composed
by two different strain-energy functions describing the matrix and the fibers in
composite materials, numerical stability should be carefully checked.
4. A material law is proposed based on the Fung-Type model (MF1) and tackling
material instability as well as solving the equation system for various kinds of
soft tissues, especially for problems subjected to both tension and compression
states. This model is fitted to experimental data and simulation results show
better performance.
5. The MF1 is also modified for isotropic behavior and demonstrates that its nu-
merical stability strongly depends on the characterization of the matrix. Subse-
quently, the thesis proposes an approach to physically characterize the matrix
by identifying the shear modulus based on indentation test. In spite of the
fact that this is an approximation method it helps to ensure model stability by
introducing a physical meaning to the material parameter.
6. A novel material model derived from the modification of the MF1, namely MF2,
is introduced that takes into consideration the fiber dispersion. This physical
constant enforces model stability and better interpretation of tissue behavior.
7. A number of new algorithms for implementing the nonlinear material models
into Code Aster and FEAP are discussed. This contribution is beneficial to
large scale applications in Code Aster in the field of biomechanics as well as
biomedical engineering.
8. New algorithms for implementing two growth models (isotropic and transversely
isotropic) combined with different behavior (isotropic, transversely isotropic,
anisotropic) for physically and geometrically nonlinear problems are carried out
in the framework of Code Aster.
9. Novel algorithms utilizing the FS-FEM for 3D linear cases and physically and
geometrically nonlinear problems are implemented into the large open source
software-Code Aster. The FS-FEM has been applied to strongly anisotropic
hyperelastic materials for the first time. Numerical results utilizing the FS-FEM
show its capacity of solving 3D complex problems with high nonlinearities, for
instance, significant improvements for both non-distorted meshes and distorted
meshes.
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10. For the first time, the FS-FEM combined with the growth models has been
implemented into the open source software. To this end, the growth tensor was
smoothed and integration was performed over smoothing domains, leading to a
combination of the SFEM and the growth models.
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Chapter 2
Nonlinear continuum mechanics
In this chapter, a theoretical base is described to analyze the mechanical behavior of
deformable continuous solid bodies. Kinematics (description of motion), the concept
of stress, and balance of forces and moments in framework of nonlinear continuum
mechanics are briefly presented. Thus, all the motion and deformation that cause
stresses in a material arising from forces and moments are discussed in detail. The
Lagrangian (material) and Eulerian (spatial) descriptions are also introduced. The
end of this chapter comes with the balance laws and some important inequalities com-
monly used in thermodynamics.
2.1 Kinematics of finite strain
In this section, the above concepts and principles of finite strain kinematics are briefly
summarized for the motion and finite deformation of a body, see more details in text
books (Holzapfel, 2000; Zienkiewicz and Taylor, 2000b; Bas¸ar and Weichert, 2000;
Bonet and Wood, 2008).
Motions of continuum bodies
A continuum body B occupying a geometrical region in undeformed state at time
t = 0 is embedded in a fixed rectangular Cartesian coordinate system with a origin O
and base vectors ~ei (i = 1, 2, 3), shown in Figure 2.1. The configuration Ω0 is referred
to as an initial, reference or also undeformed configuration. The position vector X
represents a point P of a particle of the body in the reference configuration. When
the region Ω0 moves to a new region Ωt (later chapters use Ω) occupied by the body
at a time t > 0, then configuration of the body at time t is so-called current (or
deformed) configuration. The point P ′ of the current configuration corresponding to
the typical point P can be represented by a position vector x. The motion may be
mathematically described by equation between the reference and the current particle
16 2. NONLINEAR CONTINUUM MECHANICS
P P'
Q'
dX dx
x
X
U (X ,t)=u(x,t)
Reference configuration Current configuration
Q
time t>0time t=0
O B 
0
t
,3 3X x
2 2,E e ,2 2X x
,1 1X x
1 1,E e
3 3,E e
Figure 2.1: General motion of a body.
position as (Holzapfel, 2000)
x = x(X, t). (2.1)
Similarly, the unique inverse function obtained as
X = X(x, t). (2.2)
The component of vector X = XiEi (material description) and x = xiei (spatial
description) are depicted in Figure 2.1. Denote that Xi, i = 1, 2, 3, as the material
(referential) coordinates of point P and xi, as the spatial (current) coordinates of
point P ′. Without loss of generality the vectors E and e are assumed to be identical.
Displacement fields
In the material description (Lagrangian description), the displacement field denoted
by U is a function of the referential position and time t and defined as
U(X, t) = x(X, t)−X. (2.3)
On the other hand, the displacement field in the spatial description (Eulerian de-
scription), denoted by u, is the function of the current position x and time t, as
u(x, t) = x−X(x, t). (2.4)
Since the initial configuration coincides with the reference configuration, the displace-
ments vanish in the reference configuration, read as
U(X, t) = u(x, t). (2.5)
Other important quantities describing kinematics properties are velocity field and
acceleration field. They are obtained by taking derivations of the motion with respect
to time, whereas the variable X is held constant, expressed as
V (X, t) = Dt(x(X, t)) = x˙(X, t) =
∂x(X, t)
∂t
, A(X, t) = ∂V (X, t)
∂t
. (2.6)
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From (2.5) and X = X(x, t), the velocity and acceleration are expressed as
V (X, t) = v(x, t) = U˙ , A(X, t) = a(x, t) = U¨ . (2.7)
Note that the material time derivative of a spatial field is, for example, Dt(v) =
v˙(x, t) = ∂v(x,t)
∂t
+ gradv(x, t) · v(x, t) (Holzapfel, 2000).
Deformation gradient
Changes of size and shape of the continuum body when moved from the reference
configuration Ω0 to the current configuration Ωt are considered as its deformation. In
Figure 2.1, consider a material particle Q as the neighborhood of the material point
P , then position Q relative to P is given by the element vector as
dX = XQ −XP . (2.8)
In deformed configuration, the element vector of two current spatial positions P ′ and
Q′ (corresponding to P and Q in the undeformed configuration, respectively) becomes
dx = xQ′ − xP ′ . (2.9)
The quantity F is a primary measure of deformation called the deformation gradient,
which maps dX onto dx in the neighbourhood of a point and is defined as second
order tensor in a form as (Holzapfel, 2000)
F(X, t) = Gradx(X, t) = ∂x(X, t)
∂X
. (2.10)
The inverse of this mapping, i.e. the mapping of dx onto dX from the current
state back to the reference configuration, can be represented by the inverse of the
deformation gradient
F−1(x, t) = gradX(x, t) = ∂X
∂x
. (2.11)
Displacement Gradient
From (2.3) and the definition in (2.10) the displacement gradient in the material
description is defined as
GradU = gradx(X, t)−GradX = F(X, t)− I. (2.12)
Similarly, from (2.4) and (2.11) the displacement gradient tensor in the spatial de-
scription is given as
gradu = gradx− gradX(x, t) = I− F−1(x, t), (2.13)
where I is the unit tensor.
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Jacobian determinant
The determinant of the deformation gradient F is denoted by
J(X, t) = detF(X, t), (2.14)
J is the volume ratio of the change in volume between the reference and the current
configurations at time t in a form as
dv = J(X, t)dV. (2.15)
Furthermore, by using the mass conservation law an infinitesimal element of mass
dm = dV ρ0 = dvρ yields
J = detF = ρ0
ρ
, (2.16)
where ρ0 is the material density of the infinitesimal element of volume dV in the
undeformed configuration, and ρ is the material density of the infinitesimal element
of volume dv in the deformed configuration. If J = detF > 0 then the inverse of
deformation gradient F exits.
2.1.1 Strain tensors
In this section, second order strain tensors are considered to characterise the changes
of material elements during a motion. There are numerous definitions of strain pro-
posed in literature, the most important ones are properly introduced. In addition,
the infinitesimal strain tensor in small elastic theory might not be used in finite strain
analysis since this strain measure does not vanish in rigid body rotation.
Material strain tensors
Material strain tensors are evaluated by the change along the length between two
neighborhood points P and Q with the element vector dX, located in material con-
figuration, occurring during a motion, (see Figure 2.1) (Holzapfel, 2000). The material
and current elemental lengths squared are computed as (Bonet and Wood, 2008)
dL2 = dX · dX, dl2 = dx · dx. (2.17)
Thus, the change in the squared lengths in the deformed body can be described in
terms of the element material vector dX as
1
2(dl
2 − dL2) = dX · 12(C− I)dX = dX · EdX, (2.18)
where C is the right Cauchy-Green strain tensor and is postulated in terms of the
deformation gradient F as
C = FTF. (2.19)
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The Green-Lagrange strain tensor E is defined as
E = 12(C− I). (2.20)
Spatial strain tensors
Alternatively, the same change in the squared lengths expressed in the current con-
figuration is a function of dx as
1
2(dl
2 − dL2) = dx · 12(I− b
−1)dx = dx · adx, (2.21)
where b is the left Cauchy-Green strain tensor and a is the Almansi strain tensor (or
Eulerian). That are defined as
b = FFT a = 12(I− b
−1). (2.22)
Rotation and stretch tensors
The deformation gradient tensor F transforms a material element vector dX into
the corresponding spatial element vector dx. F can be uniquely decomposed into
a stretch part and a rotation one. Mathematically, the polar decomposition of F is
defined as
F = RU for right decomposition, (2.23)
F = vR for left decomposition, (2.24)
where R is the orthogonal rotation tensor and U and v are positive symmetric tensors
known as the right and left stretch tensors in the material configuration and spatial
configuration, respectively.
RTR = I; U = UT ; v = vT . (2.25)
As defined in (2.19) and (2.22) both tensors C and b are symmetric and positive
definite, hence
C = CT ; b = bT ; C = U2; b = v2. (2.26)
Obviously, the relation between U and v, and one between b and C are found as
v = FRT = RURT ; b = v2 = RCRT . (2.27)
Eigenvalues and eigenvectors of strain tensors
When experiments are conducted and mostly based on the principal directions, the
eigenvalue problems should be considered. To derive U from equation (2.26), it is
essential to evaluate the principal directions of C, denoted by the eigenvectors Na
and their corresponding eigenvalues λ2a, (a = 1, 2, 3), which enable to be expressed as
C =
3∑
a=1
λ2aNa ⊗Na. (2.28)
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Due to the symmetry of C, the eigenvectors are orthogonal unit vectors. Manipulating
equation (2.27) and (2.29), the material stretch tensor U is easily obtained as
U =
3∑
a=1
λaNa ⊗Na. (2.29)
Similarly, the principal directions of b are denoted by the orthogonal spatial vectors
na and obviously has the same eigenvalues λ2a as C
b =
3∑
a=1
λ2ana ⊗ na; v =
3∑
a=1
λana ⊗ na. (2.30)
From (2.27) and (2.29) the principal directionNa transforms onto the principal spatial
direction na by the rotation tensor as
na = RNa. (2.31)
Thus, for λ1 6= λ2 6= λ3 6= λ1 the deformation gradient can be rewritten as
F =
3∑
a=1
λana ⊗Na. (2.32)
2.2 Stress tensors
Stress in a solid body is resulted from external forces. The Cauchy stress is true
stress defined in the current configuration in the standard way as force per unit area.
In contrast to linear small displacement analysis, stress quantities that refer back
to the reference configuration can also be defined, namely the Piola-Kirchhoff stress
tensors (Bonet and Wood, 2008). Herein, the author starts with a brief discussion
of the true stress or the Cauchy stress tensor and its relations with corresponding
quantities measured in the undeformed configuration. Cauchy stress tensor and
equilibrium
As illustrated in Figure 2.2 for every surface element with ds in the actual configura-
tion and dS in the reference configuration, an infinitesimal resultant (actual) force is
obtained as
df = tds = T dS, (2.33)
Cauchy’s stress theorem can be written as
t(x, t,n) = σ(x, t)n T (X, t,N ) = P(X, t)N , (2.34)
where t and T represent the Cauchy traction vector (force measures per unit surface
area defined in the current configuration, see Figure 2.2) and the first Piola-Kirchhoff
traction vector in the reference configuration, exerted on ds and dS with the outward
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Figure 2.2: Traction vectors in reference and current configuration.
unit normals n and N , respectively. σ denotes a symmetric spatial tensor field
called the Cauchy stress tensor (or Cauchy stress) (Holzapfel, 2000). P is called the
first Piola-Kirchhoff stress tensor (force measures per unit surface area defined in
the reference configuration). In terms of the Cartesian coordinates, the Cauchy stress
tensor σ is comprised of the components of the traction vectors on the three mutually
orthogonal planes:
σ = [σij] =

σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33
 . (2.35)
The equilibrium equation of a deformable body in the current configuration is ex-
pressed as
divσ + b = 0, in Ωt, (2.36)
where b is a body force vector.
Alternative tensors
There are stress tensors utilized for practical nonlinear analysis and most of their
components do not have a direct physical interpretation. It is commonly convenient
to use the so-called Kirchhoff stress tensor τ (Holzapfel, 2000), which is defined as
τ = Jσ or τij = Jσij. (2.37)
The Cauchy stress is the only one which is of interest from engineering point of view.
Nevertheless, it is not the most suitable stress tensor in the finite strain analysis.
The first Piola-Kirchhoff stress tensor (or Piola stress) in (2.34), in general, is not
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Figure 2.3: Positive stress components of traction vectors acting on the faces of a
cube.
symmetric tensor. The relation between the Cauchy stress tensor σ and the first
Piola-Kirchhoff stress tensor P can be written in the form
σ = J−1PFT , or P = JσF−T . (2.38)
The stress tensor work conjugate with the Green-Lagrange strain is the second Piola-
Kirchhoff stress tensor S which can be obtained by a so called pull-back (Marsden
and Hughes, 1983; Holzapfel, 2000) operation on the tensor field τ
S = F−1τF−T . (2.39)
Furthermore, a relation between S,σ, and P can derived as
S = JF−1σF−T = F−1P = ST , (2.40)
with its inverse
σ = J−1FSFT . (2.41)
The second Piola-Kirchhoff stress tensor is invariant under rigid-body motion. From
(2.40), a fundamental relationship between the first Piola-Kichhoff stress tensor P
and the symmetric second Piola-Kichhoff stress tensor S obtained is
P = FS. (2.42)
2.3 Balance laws and inequalities
In this section, the most important laws and inequalities in thermodynamics are
briefly presented such as conservation of mass, conservation of linear momentum,
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conservation of angular momentum, and the 1st and 2nd laws of thermodynamics,
more details see (Holzapfel, 2000).
Conservation of mass
In a closed system, the amount of mass has to be unchanged during a deformation
process. This means that the mass m of the body in the system does not change with
time,
dm = ρ0(X)dV = dm(x, t) = ρ(x, t)dv, (2.43)
where ρ0, ρ are the mass densities in Ω0 and Ωt, respectively. Integration over the
entire volume produces the well-known mass balance relation
dm =
∫
Ω0
ρ0dV =
∫
Ωt
ρdv = const > 0. (2.44)
Practically, biological soft tissues are often considered as incompressible, from (2.16)
the incompressibility condition is achieved as J = ρ0
ρ
= 1.
Conservation of linear momentum
The total linear momentum l of the body expressed in a spatial form is
l =
∫
Ωt
ρx˙dv. (2.45)
According to the balance of momentum, the rate of change of the total momentum is
equal to the resultant external forces. Taking conservation of mass into account, in
the spatial configuration, this can be given by
Dt
∫
Ωt
ρx˙dv
 = ∫
Ωt
ρx¨dv =
∫
Γt
tds+
∫
Ωt
bdv. (2.46)
Applying the divergence theorem the equation can be rewritten as∫
Ωt
ρ(x¨− b− divσ)dv = 0. (2.47)
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Thus, by setting the acceleration to zero Cauchy’s equation of equilibrium is
divσ + b = 0. (2.48)
Additionally, it is more convenient to work with a material description of Cauchy’s
equation of equilibrium. In this case, the Cauchy’s first equation of motion is obtained
as ∫
Ω0
(ρ0[A− b0]−DivP)dV = 0, (2.49)
ρ0A− ρ0b0 −DivP = 0. (2.50)
Equation (2.50) states the Lagrangian local form of linear momentum balance. In
elastostatics, (2.50) yields
Div(FS) + b0 = 0. (2.51)
Conservation of angular momentum
The total angular momentum la relative to a fixed point of the body reads in spatial
form
la =
∫
Ωt
(x− x0)× ρx˙dv, (2.52)
where r = x − x0 with x0 as the coordinate of the fixed point. The balance of
angular momentum is defined by the equality of the material time derivative of la to
the resulting momentum of the traction vectors and the body forces, formed as
Dt(la) =
∫
Γt
r × tds+
∫
Ωt
r × bdv, (2.53)
Equation (2.53) requires the Cauchy’s stress tensor to be symmetric (Holzapfel, 2000),
σ = σT . (2.54)
The spatial local form of conservation of angular momentum in (2.54) can be also
written in the material configuration as
PFT = FPT . (2.55)
First law of thermodynamics
Consider Q as the the thermal power or the rate of thermal work in the form
Q =
∫
Ω0
RdV −
∫
Γ0
Q ·NdS =
∫
Ωt
rdv −
∫
Γt
q · nds, (2.56)
in which the heat source R and r are per unit reference and current surface, respec-
tively. The thermal work Q and q are the vector of heat fluxes per unit material
2.3.Balance laws and inequalities 25
surface and unit current surface, respectively. The first law of thermodynamics in the
material form is written as∫
Ω0
(ρ0b0 · V +R)dV +
∫
Γ0
(TV −Q ·N )dS =
∫
Ω0
e˙dV +
∫
Ω0
ρ0A
2dV, (2.57)
in which e = e(X, t) denotes the internal energy density per unit undeformed volume
(Holzapfel, 2000), the Lagrange local form of the balance of energy is
e˙ = P : F˙−DivQ+R. (2.58)
Second law of thermodynamics
Let ν denote the entropy per unit reference volume. Let ∑ be the total production of
entropy within the body, i.e., the difference between the rate of change of entropy and
the rate of entropy input into the body. The second law of thermodynamics states
that in a thermodynamic process the total entropy production is never negative,
∑ ≥ 0. (2.59)
When the law is presented in the material form, the Clausius-Duhem inequality yields
∑
=
∫
Ω0
ν˙dV +
∫
Γ0
Q
T
·NdS −
∫
Ω0
R
T
dV ≥ 0. (2.60)
in which this formulation incorporates the thermal quantities heat flux Q and the
heat source R with the absolute temperature T to the entropy flux Q
T
and the entropy
source R
T
, respectively.
Let Ψ denote the Helmholtz free energy density
Ψ = e− νT. (2.61)
This quantity is used in later chapters as a strain-energy density function, implying
mechanical properties. From this the stresses are derived for problem analysis.
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Chapter 3
Constitutive modeling
This chapter presents constitutive modeling of hyperelastic materials. It is the base
to develop mathematical models used for materials such as soft tissues and rubber.
The general principles governing the mechanical behavior of hyperelastic materials in
finite strains are discussed in detail. Constitutive equations may be understood as the
relations between appropriate stress and strain measures. It is possible to formulate
them under certain conditions, which are identified during derivation, in terms of
energy conjugate variables summarized in the general form (Bas¸ar and Weichert,
2000). Various constitutive equations within the field of solid mechanics appropriate
for approximation techniques such as the finite element method are also described.
3.1 Constitutive equations for hyperelastic mate-
rial models
The basis of constitutive modeling in this chapter is briefly described based on the
concepts in many textbooks (Bas¸ar and Weichert, 2000; Holzapfel, 2000; Bonet and
Wood, 2008).
A material behavior is path-independent undergoing large reversible deformation
is termed hyperelastic (Bonet and Wood, 2008). A hyperelastic material postulates
the existence of a Helmholtz free-energy function Ψ defined by unit reference vol-
ume. Several authors have suggested that in a purely mechanical theory every elastic
material is hyperelastic, see also Krawietz (1986, p. 315) and Staat (1987, p. 137).
Their arguments may not hold for thermoelasticity or other more general materials.
If Ψ only depends on the deformation gradient F, then Ψ(F) is called a strain-energy
function (SEF). The materials, which are not homogeneous, are called the hetero-
geneous materials, the strain-energy function depends on the deformation gradient
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and the position of a point in medium, Ψ(F,X). The stress tensors of homoge-
neous hyperelastic materials are directly derived (by means of the Clausius-Planck
form of the second law of thermodynamics) from a given scalar-valued strain-energy
function (Holzapfel, 2000)
P = ∂Ψ(F)
∂F , (3.1)
σ = J−1∂Ψ(F)
∂F F
T = J−1F
(
∂Ψ(F)
∂F
)T
, (3.2)
where P is the first Piola-Kirchhoff stress tensor, σ is the Cauchy stress tensor,
and J is the determinant of the deformation gradient (volume ratio). These types
of equations are known as constitutive equations. By means of empirical methods, a
model for approximating the behavior of a real material is called a constitutive model.
The strain-energy function has to satisfy general conditions (Holzapfel, 2000):
1. Normalisation condition Ψ(I) = 0: The strain energy function has to vanish in
the stress free reference configuration. In general, it is required that Ψ(F) ≥ 0.
2. Growth conditions: The strain-energy function has to grow to infinity if J =
detF approaches∞ or 0. Physically, this means that it would enquire an infinite
amount of strain energy to expand the continuum body to infinite size or to
compress it to a point of vanishing volume.
Additionally, the strain-energy function also satisfies quasi-convexity, continuity and
coercivity conditions (Marsden and Hughes, 1983; Itskov and Aksel, 2004), in order to
guarantee material stability for the existence of solutions (minimizers) of boundary-
value problems (Ball, 1977; Schro¨der and Neff, 2003; Balzani, 2006). This issue is
discussed in more detail in the next chapter.
The equivalent forms of the strain energy functions
Another important constraint to form the strain energy is that it has to be objective,
i.e. observer independent or to satisfy the principle of frame indifference (Holzapfel,
2000). This means that after a translation or a rotation the amount of stored energy
has to be unchanged
Ψ(F) = Ψ(QF), (3.3)
where Q is an orthogonal tensor. If Q = RT , R is associated with the right polar
decomposition, (3.3) yields
Ψ(F) = Ψ(RTF) = Ψ(RTRU) = Ψ(U). (3.4)
Therefore the equivalent forms can be written as
Ψ = Ψ(F) = Ψ(C) = Ψ(E). (3.5)
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By means of the chain rule and some mathematical transformations an important
reduced form of the constitutive equation for hyperelastic materials can be derived,
namely
σ = J−1F
(
∂Ψ(F)
∂F
)T
= 2J−1F
(
∂Ψ(C)
∂C
)T
FT . (3.6)
Alternative expressions obtained for the first Piola-Kirchhoff stress tensor and the
second Piola-Kirchhoff stress tensor are
P = 2F∂Ψ(C)
∂C , (3.7)
S = 2∂Ψ(C)
∂C =
∂Ψ(E)
∂E . (3.8)
3.2 Isotropic hyperelastic materials
The term isotropy for materials is introduced in this section, which is based on the
physical idea that the material property is the same in all directions (Holzapfel, 2000).
If the hyperelastic material is isotropic then the strain-energy function must satisfy
Ψ(F) = Ψ(FQT ) (3.9)
or the following equation in terms of C
Ψ(C) = Ψ(QCQT ) (3.10)
must be satisfied for all symmetric tensors C and orthogonal tensors Q.
Constitutive equations in terms of invariants
The strain-energy function can be expressed in terms of the principal isotropic
invariants of its argument (Holzapfel, 2000), such that
Ψ(C) = Ψ(I1, I2, I3), (3.11)
in which, the invariants of C are defined here as
I1 = tr(C),
I2 =
1
2[(trC)
2 − tr(C2)],
I3 = det(C) = J2.
(3.12)
The invariants I1, I2 and I3 can also be expressed in terms of the principal stretches
in the form
I1 = λ12 + λ22 + λ32,
I2 = λ12λ22 + λ22λ32 + λ32λ12,
I3 = λ12λ22λ32.
(3.13)
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The second Piola-Kirchhoff stress is calculated from the derivative of the strain-energy
function with respect to the right Cauchy-Green strain as
S = 2∂Ψ
∂C = 2
3∑
a=1
∂Ψ
∂Ia
∂Ia
∂C . (3.14)
Derivatives of invariants with respect to the right Cauchy-Green strain tensor are
∂I1
∂C = I
∂I1
∂CIJ
= δIJ , (Kronecker-Delta)
∂I2
∂C = I1I−C
∂I2
∂CIJ
= I1δIJ − CIJ ,
∂I3
∂C = I3C
∂I3
∂CIJ
= I3C−1IJ .
(3.15)
Substituting the equation (3.15) into (3.14) leads to the general form of a stress
relation in terms of three strain invariants
S = 2∂Ψ
∂C = 2
[ (
∂Ψ
∂I1
+ I1
∂Ψ
∂I2
)
I− ∂Ψ
∂I2
C + I3
∂Ψ
∂I3
C−1
]
. (3.16)
In practice, it is essential to obtain the true stress or the Cauchy stresses. Using the
left Cauchy-Green strain tensor b = FFT and σ = J−1FSFT the stress in spatial
configuration can be derived as (Piola transformation)
σ = 2J−1
[
I3
∂Ψ
∂I3
I +
(
∂Ψ
∂I1
+ I1
∂Ψ
∂I2
)
b− ∂Ψ
∂I2
b2
]
. (3.17)
Constitutive equations in terms of principal stretches
It is very useful, e.g. in particular for conducting experiments in the principal basis,
the material models might be presented in terms of the principal stretches
Ψ = Ψ(λ1, λ2, λ3). (3.18)
The second Piola-Kirchhoff stress tensor is derived as
S =
3∑
a=1
1
λa
∂Ψ
∂λa
Na ⊗Na, (3.19)
where Na, (a = 1, 2, 3) are the principal directions in the reference configuration.
The spectral forms of the first Piola-Kirchhoff stress tensor P and the Cauchy stress
tensor σ are expressed as
P = FS =
3∑
a=1
∂Ψ
∂λa
na ⊗Na,
σ = J−1FPT =
3∑
a=1
J−1λa
∂Ψ
∂λa
na ⊗ na,
(3.20)
where na, (a = 1, 2, 3) are the principal directions in the current configuration. Note
that the relation na = RNa was used.
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3.3 Incompressible hyperelastic materials
Obviously, many practical applications under finite deformation involve incompress-
ible or nearly incompressible conditions, for example, biological soft tissues contain
water, and hence are considered as incompressible or nearly incompressible materials.
If the material is incompressible, it is characterized by the incompressibility constraint
J = 1↔ detF = 1. (3.21)
Thus, the strain-energy function might be postulated as
Ψ = Ψ(F)− p(J − 1), (3.22)
where the scalar p is an indeterminate Lagrange multiplier which can be identified
as a hydrostatic pressure. Note that the scalar p might only be determined from
the equilibrium equations and the boundary conditions. By differentiating equation
(3.22), a general constitutive equation for the first Piola-Kirchhoff stress tensors is
P = −pF−T + ∂Ψ(F)
∂F . (3.23)
By substituting P in (3.23) into (2.40) the constitutive equations for the second
Piola-Kichhoff stress tensors is deduced as
S = −pF−1F−T + F−1∂Ψ(F)
∂F = −pC
−1 + 2∂Ψ(C)
∂C . (3.24)
Similarly, the Cauchy stress tensor is evaluated as
σ = −pI + ∂Ψ(F)
∂F F
T = −pI + F
(
∂Ψ(F)
∂F
)T
. (3.25)
3.3.1 Examples of isotropic strain-energy functions
In order to accurately describe the material behavior, research in developing ma-
terial models and experiments has been extensively carried out since 1950’s in the
last century. As several isotropic models have been developed for rubber-like mate-
rials; hence, they might be adequately employed in the modified models in the next
chapters. In the following, these existing models are briefly outlined.
Ogden model for incompressible materials
The Ogden model (Ogden, 2001) formulated in terms of the principal stretches λ1, λ2
and λ3 has been widely used for rubbers and biological tissues. This model is defined
as
Ψ = Ψ(λ1, λ2, λ3) =
N∑
n=1
µn
αn
(λ1αn + λ2αn + λ3αn − 3) , (3.26)
32 3. CONSTITUTIVE MODELING
where N is a positive integer determining the number of terms in the strain-energy
function, µn are material constants (shear modulus) and αn are dimensionless con-
stants (determined experimentally), n = 1, · · · , N . For consistency with the elasticity
theory for small strain, the parameter µ denotes the classical shear modulus and ma-
terial constants µn and αn are related by the condition
2µ =
N∑
n=1
µnαn with µnαn > 0. (3.27)
neo-Hookean model
The strain-energy function of the neo-Hookean model is expressed in terms of the
principal invariant I1 as
Ψ = µ2 (I1 − 3). (3.28)
The neo-Hookean model is considered as a special case of the Ogden one for incom-
pressible materials and obtained by imposing N = 1, α1 = 2
Ψ = µ2 (λ1
2 + λ22 + λ32 − 3), (3.29)
where µ is the classical shear modulus (Holzapfel, 2000). Furthermore, this model is
used to formulate the well-known material law, so-called the HSF model for describing
the soft ground matrix of soft tissue such as arteries (Holzapfel et al., 2000).
Mooney-Rivlin model
The Mooney-Rivlin model is often employed in the description of the behavior of
isotropic rubber-like materials and has the form
Ψ = µ12 (I1 − 3) +
µ2
2 (I2 − 3). (3.30)
This is also a special case of the Ogden model for incompressible materials, obtained
by setting N = 2, α1 = 2, and α2 = −2
Ψ = µ12 (λ1
2 + λ22 + λ32 − 3) + µ22 (λ1
−2 + λ2−2 + λ3−2 − 3). (3.31)
A general form for incompressible rubbers is written as
Ψ =
∑
m≥0
∑
n≥0
µmn(I1 − 3)m(I2 − 3)n, with µ00 = 0, (3.32)
where µmn are constants (Bonet and Wood, 2008).
3.4 Anisotropy
Many materials employed frequently in a variety of industrial applications are com-
posite ones, which are mostly classified as anisotropic type since others might be
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Figure 3.1: Vector of fibre direction in transversely isotropic material.
macroscopically isotropic. Moreover, in bioengineering biological soft tissues such as
arteries, intestines, tendons or ligaments show highly anisotropic behavior. Thus, the
study of anisotropy is always an important aspect. The simplest form of material
anisotropy is represented by transversely isotropic materials which have only a single
preferred principal (fibre) direction and exhibit isotropic behavior to arbitrary rota-
tions about the preferred fibre direction. The descriptions of the hyperelastic and
viscoelastic response of fibre-reinforced composites at finite strains are represented
by Holzapfel et al. (2000) in which a soft matrix is reinforced by two families of
fibres. Herein, the crucial goal is to generally discuss constitutive models which can
be applied to simulate the anisotropic hyperelastic materials involving applications
in soft tissue mechanics.
3.4.1 Transversely isotropy
Due to the fact that a transversely isotropic material has a single preferred direction,
the stiffness (mechanical property) of this type of composite material in the fibre
direction is typically much greater than in the directions orthogonal to the fibres.
For this type of material, the stress at a material point depends not only on the
deformation gradient F but also on the fibre direction. The direction of a fibre at
point P ∈ Ω0 with the position vector X is defined by a unit vector field a0(X),
|a0| = 1, see Figure 3.1. Correspondingly, in the current configuration, a unit vector
field a(x) = Fa0(X) describes the new fibre direction at the associated point P ′ ∈ Ωt
with the position vector x. The length changes of the fibres characterized by the
fibre stretch λ along the fibre direction a0(X), which is calculated as (Spencer, 1984;
Holzapfel et al., 2000)
λ2 = a0 · FTFa0 = a0 ·Ca0. (3.33)
Due to the directional dependence on the deformation, the Helmholtz free energy
function (strain-energy function) depends explicitly on both the right Cauchy-Green
tensor C and the fibre direction a0 in the reference configuration
Ψ = Ψ(C,a0 ⊗ a0) = Ψ(C,A0), (3.34)
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where A0 = a0 ⊗ a0 is introduced to denote the structural tensor.
Constitutive equations in terms of invariants
By adding two additional invariants I4 and I5 concerning the transversely isotropy
into strain-energy function for isotropic hyperelastic materials (3.11), a transversely
hyperelastic material model is obtained as
Ψ = Ψ[I1(C), I2(C), I3(C), I4(C,a0), I5(C,a0)], (3.35)
where I4, I5 are so-called pseudo-invariants, which are given by
I4(C,a0) = a0 ·Ca0 = λ2
I5(C,a0) = a0 ·C2a0.
(3.36)
The second Piola-Kirchhoff stress tensor is derived from the strain energy as
S = 2∂Ψ
∂C = 2
5∑
a=1
∂Ψ
∂I¯a
∂I¯a
∂C . (3.37)
The derivatives of I1, I2 and I3 with respect to C are evaluated from (3.15). The
remaining derivatives of I4 and I5 are estimated from (3.36)
∂I4
∂C = a0 ⊗ a0
∂I5
∂C = a0 ⊗Ca0 + a0C⊗ a0.
(3.38)
By substituting (3.15), (3.38) into (3.37), the second Piola-Kirchhoff stress tensor is
expressed as
S = 2
[(
∂Ψ
∂I1
+ I1
∂Ψ
∂I2
)
I− ∂Ψ
∂I2
C + I3
∂Ψ
∂I3
C−1+
+ ∂Ψ
∂I4
a0 ⊗ a0 + ∂Ψ
∂I5
(a0 ⊗Ca0 + a0C⊗ a0)
]
.
(3.39)
Similarly, the Cauchy stress tensor is obtained by using the Piola transformation as
σ = 2J−1
[
I3
∂Ψ
∂I3
I +
(
∂Ψ
∂I1
+ I1
∂Ψ
∂I2
)
b− ∂Ψ
∂I2
b2+
+ I4
∂Ψ
∂I4
a⊗ a+ I5 ∂Ψ
∂I5
(a⊗ ba+ ab⊗ a)
]
.
(3.40)
Incompressible transversely isotropic materials
In this case, the matrix is incompressible and the fibres embedded in this matrix are
extensible, the strain-energy form can be rewritten as
Ψ = Ψ[I1(C), I2(C), I4(C,a0), I5(C,a0)]− 12p(I3 − 1), (3.41)
where p/2 is an indeterminate Lagrange multiplier.
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3.4.2 Anisotropy with two fibre families
The constitutive equations for composite materials with two families of fibres are
presented in this section. Consider a composite material, the matrix material (for
instance, soft ground substance of tissues) is reinforced by two families of fibres (e.g.
collagen fibres of soft tissues). The preferential fibre directions in the reference and
the current configurations are denoted by the unit vector fields a0, g0 and a, g,
respectively (Holzapfel et al., 2000). The structure tensors defined are defined as
A0 = a0 ⊗ a0; G0 = g0 ⊗ g0. (3.42)
The orthotropic material model can be achieved with the form as
Ψ = Ψ(C,A0,G0). (3.43)
As presented by Holzapfel (2000), the strain-energy function may be expressed in
terms of a set of the principal invariants I1 → I9. The first three invariants are
evaluated in the isotropic case in equation (3.15) or (3.17). The pseudo-invariants
I4, . . . , I8 are associated with the anisotropy generated by the two families of fibres.
The invariants I4 and I5 are determined in equation (3.11)
I4(C,a0) = a0 ·Ca0 = λ2a0 I5 = a0 ·C2a0
I6(C, g0) = g0 ·Cg0 = λ2g0 I7 = g0 ·C2g0
I8(C, g0) = (a0 · g0)a0 ·Cg0 I9 = (a0 · g0)2.
(3.44)
Note that the invariant I9 is independent of the deformation and is subsequently no
longer considered.
Orthotropic hyperelastic materials
In a specific case, if a0 · g0 = 0, this means the two families of fibres have orthogonal
directions. Then, the material is said to be orthotropic in the reference configuration
with respect to the planes normal to the fibres and the surface in which the fibres
lie (Holzapfel, 2000). The Helmholtz free energy function is a function of the first
seven invariants, Ψ = Ψ(I1, . . . , I7).
Considering the incompressibility condition, i.e. I3 = 1, the strain-energy function is
defined as
Ψ = Ψ[I1(C), I2(C), I5(C,a0), I7(C,a0)]− 12p(I3 − 1), (3.45)
where p/2 is an indeterminate Lagrange multiplier (Holzapfel, 2000). The constitutive
equations for an orthotropic material composed of an incompressible isotropic matrix
material and inextensible fibres are obtained as
S = 2
(
∂Ψ
∂I1
+ I1
∂Ψ
∂I2
)
I− 2∂Ψ
∂I2
C + 2∂Ψ
∂I5
(a0 ⊗Ca0 + a0C⊗ a0)
+ 2∂Ψ
∂I7
(g0 ⊗Cg0 + g0C⊗ g0)− pC−1,
(3.46)
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σ = 2∂Ψ
∂I1
b− 2∂Ψ
∂I2
b−1 + 2∂Ψ
∂I5
(a⊗ ba+ ab⊗ a)
+ 2∂Ψ
∂I7
(g ⊗ bg + gb⊗ g)− pI.
(3.47)
For the case of nearly incompressible materials, the constitutive equations are de-
scribed in the following and are mostly invoked in the numerical examples in the next
chapters.
3.5 Nearly incompressible hyperelastic materials
The combination of incompressibility and large deformations presents extreme dif-
ficulties for a displacement-based finite element method. The reason is that the
constraint J = detF = 1 on the deformation field is a highly nonlinear one (Weiss,
1994). Hence, to overcome this barrier, a displacement-based finite element scheme
must invoke a small change measure of volumetric deformation. Consequentially, the
deformation gradient should be decoupled into the dilatational and the deviatoric
parts, so-called a volumetric part and an distortional part, so that separate
numerical treatments can be applied to each part (Weiss, 1994; Bonet and Wood,
2008).
The deformation gradient F and the right Cauchy-Green strain tensor C may be
divided into the volume-changing (dilatational) and the volume-preserving (distor-
tional) parts, often used in elastoplasticity (Flory, 1961; Ogden, 1976, 1978)
F = (J 13 I)F¯; C = (J 23 I)C¯. (3.48)
The two terms (J 13 I) and (J 23 I) are associated with volume-changing deformations,
while F¯ and C¯ = F¯T F¯ are associated with the volume-preserving deformations of the
material (called modified deformation and modified right Cauchy-Green tensor), with
detF¯ = 1 and detC¯ = 1. Obviously, the strain-energy function for incompressible ma-
terials can only describe the distortional response of the body, whereas the additional
volumetric elastic response accounts for compressibility. Hence, a unique decoupled
representation of the strain-energy function is formulated as (Holzapfel, 2000)
Ψ = Ψdis(C¯) + Ψvol(J), (3.49)
where Ψdis(C¯) and Ψvol(J) are given scalar-valued functions of C¯ and J , which de-
scribe the so-called distortional elastic response and the volumetric elastic response of
the material, respectively. The decomposition of the strain-energy function into the
distortional and the volumetric parts leads to the split of the second Piola-Kirchhoff
stress tensor into a purely distortional and a purely volumetric contributions in a
form
S = Sdis + Svol = 2
∂Ψdis(C¯)
∂C + 2
∂Ψvol(J)
∂C . (3.50)
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More detailed, they are derived as
Sdis = 2
∂Ψdis(C¯)
∂C¯
= 2∂Ψdis(C¯)
∂C¯
J−
2
3
(
I− 13C
−1 ⊗C−1
)
, (3.51)
Svol = 2
∂Ψvol(J)
∂J
∂J
∂C = J
∂Ψvol(J)
∂J
C−1 = JpC−1, (3.52)
where the hydrostatic pressure p is computed as
p = 2∂Ψvol(J)
∂J
. (3.53)
Note that this hydrostatic pressure is generally different from the one for incompress-
ible constitutive formulations introduced earlier (Holzapfel, 2000). Herein, this value
is specified by a constitutive equation. After some transformations applied to (3.50)
the additive decomposition for the Cauchy stress tensor is obtained as
σ = σdis + σvol, (3.54)
where σdis, σvol are the purely distortional and the volumetric Cauchy stress contri-
butions.
a) Constitutive equations in terms of principal invariants
From the splitting of the deformation gradient above, the strain-energy function for
nearly incompressible isotropic materials is presented in terms of the principal invari-
ants of the modified Cauchy-Green deformation tensor as
Ψ = Ψdis(I¯1, I¯2) + Ψvol(J), (3.55)
where the modified principal invariants are
I¯1 = J−
2
3 I1, I¯2 = J−
4
3 I2, I¯3 = detC¯ = 1. (3.56)
The volumetric contribution Svol of the second Piola-Kirchhoff stress tensor is ex-
pressed in (3.52). The distortional part of the second Piola-Kirchhoff stress tensor is
evaluated as
Sdis = 2
∂Ψdis
∂I¯1
∂(I¯1)
∂C + 2
∂Ψdis
∂I¯2
∂(I¯2)
∂C (3.57)
where
∂(I¯1)
∂C = J
− 23
(
I− 13I1C
−1
)
, (3.58)
∂(I¯2)
∂C = J
− 43
(
I1I−C− 23I2C
−1
)
, (3.59)
therefore
Sdis = 2J−
2
3
(
∂Ψdis
∂I¯1
+ J− 23 I1
∂Ψdis
∂I¯2
)
I− 2J− 43 ∂Ψdis
∂I¯2
C−
− 23J
− 23
(
I1
∂Ψdis
∂I¯1
+ 2J− 23 I2
∂Ψdis
∂I¯2
)
C−1.
(3.60)
38 3. CONSTITUTIVE MODELING
Correspondingly, the distortional Cauchy stress contribution is
σdis = −23J
− 53
(
I1
∂Ψdis
∂I¯1
+ 2J− 23 I2
∂Ψdis
∂I¯2
)
I+
+ 2J− 53
(
∂Ψdis
∂I¯1
+ J− 23 I1
∂Ψdis
∂I¯2
)
b− 2J− 73 ∂Ψdis
∂I¯2
b2.
(3.61)
b) Volumetric strain-energy functions
The strain-energy function for the nearly incompressible materials contains not only
the distortional part, but also the volumetric part which determines the volume-
changing relation. The simplest form of the volumetric strain-energy function Ψvol is
(Bonet and Wood, 2008)
Ψvol(J) =
1
2κ(J − 1)
2, (3.62)
in which κ can represent a true material property, namely the bulk modulus. The
strain-energy function satisfies the condition Ψvol(J) = 0 for J = 1.
Another form of the volumetric part is proposed by Ogden with two material param-
eters κ and β
Ψvol(J) = κβ−2
(
βlnJ + J−β − 1
)
. (3.63)
Within this research, only the simple form of the volumetric strain-energy function is
employed.
3.6 Elasticity tensors
To deal with nonlinear (initial boundary-value) problems in computational finite elas-
ticity and inelasticity, incremental/iterative solution techniques of Newton’s type are
frequently applied to solve a sequence of linearized problems (Holzapfel et al., 2000).
Thus, the constitutive equation must be linearized in both the material and spatial
descriptions, resulting in a fourth order elasticity tensor contributing to a tangent
stiffness in a finite element discretization procedure. Consider the nonlinear second
Piola-Kirchhoff stress tensor S of a point at certain time t as a nonlinear tensor-valued
function of the right Cauchy-Green tensor C. The total differential dS is written as
dS = C : 12dC, (3.64)
in which the definition C is introduced as
C = 2∂S(C)
∂C , CIJKL = 2
∂SIJ
∂CKL
. (3.65)
C is expressed in terms of the Green-Lagrange strain tensor E = (C− I)/2 as
C = ∂S(E)
∂E . (3.66)
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This is called the elasticity tensor in the material description characterising the gra-
dient of the second Piola-Kirchhoff stress tensor S. The fourth order tensor relates
the work conjugate pairs of stress and strain tensors, and it measures the change in
stress resulting from a certain change in strain. Due to the symmetry of S and C
the elasticity tensor is symmetric in its first and second indices and in the third and
fourth indices (C is always symmetric in its first and second indices, i.e. IJ , and in
its third and fourth indices, i.e. KL.), which is called the minor symmetry, leading
to 36 independent tensor components. The statement is true for all elastic materials.
C = 2∂S(C)
∂C = 4
∂2Ψ(C)
∂C2 , CIJKL = 4
∂2Ψ
∂CIJ∂CKL
, (3.67)
From (3.67) C has the major symmetry condition due to the existence of the strain-
energy function (the sufficient condition for a material to be hyperelastic), which
is associated with the symmetries of the tangent matrix arising in a finite element
formulation (only 21 independent tensor components at each strain state) (Holzapfel,
2000)
C = CT ; CIJKL = CKLIJ . (3.68)
The elasticity tensor in the spatial description or the spatial tensor of elasticity,
denoted by C, defined by employing a push forward operation (Bonet and Wood,
2008) as
C = J−1χ∗(C); cijkl = J−1FiIFjJFkKFlLCIJKL. (3.69)
Furthermore, the strain-energy function must be convex in order to be stable. This
ensures positive definiteness of the fourth order tensor, which must be correctly in-
duced for numerical methods. The model stability is thoroughly analyzed for each
case of material models discussed in the following chapters.
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Chapter 4
Stability of well conditioned
hyperelastic models
This chapter covers some strain-energy functions which can accurately capture me-
chanical properties of fiber-reinforced materials such as arteries. However, if a strain-
energy function shows strongly directional behavior (SDB), it might be numerically
unstable such as the ”fiber rotation” problem of the Holzapfel model (Gasser et al.,
2006). It is claimed that though the Holzapfel strain-energy function (HSF) is poly-
convex, it still faces numerical instability. Furthermore, a modified Fung-type model
(MFH) proposed by Holzapfel (2006) also suffers from the same problem even it is con-
vex. Ill-conditioning is identified as the source of unphysical behavior such as thickness
thickening in tension tests. As a result, remedies to that issue lead to several modified
models. Curve fitting based on data in literature is performed for identifying material
parameters of the HSF and the MFH. Several numerical tests for the responses of the
chosen model in some basic homogeneous deformations are presented to prove signifi-
cant improvements in model stability. The potential merits of the suggested model for
more complex initial boundary-value problems are briefly discussed.
4.1 Constitutive relations
Soft tissue may generally be considered a composite material characterized as com-
prising an isotropic non-collagenous matrix, the so-called soft ground substance and
the embedded collagen fibers regarded as an anisotropic component. For example,
while in ligaments or tendons the fibers are arranged mainly in one direction, the
fibers in hollow organs such as arterial walls, intestines or ureter (mucosa layer) are
considered to be oriented in two directions helically wound along the arterial axis
and symmetrically disposed with respect to the axis (Holzapfel et al., 2000), see Fig-
ure 4.1. In this case, the mechanical response in fiber directions can be formulated
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Figure 4.1: Orientations of fiber families of an artery (without intima) and a strip for
tension test.
by the superposition of two transversely isotropic models (Holzapfel et al., 2000). In
a general case, the strain-energy function has the form
W = Wani +Wiso + U(J), (4.1)
where Wani is the anisotropic part, Wiso is the isotropic part of the isochoric strain
energy, and U(J) is the volumetric strain energy.
Holzapfel strain-energy function
Inspired by the mechanics of composite materials, the Holzapfel strain-energy function
(HSF) was generally proposed in a form (4.1) in which the isotropic part presents the
non-collagenous tissues and the anisotropic term describes the collagen fibers under
an angle α with respect to the hoop direction, see also Figure 4.1. By introducing
structural tensors A0 = a0 ⊗ a0;G0 = g0 ⊗ g0, where a0 and g0 are unit direction
vectors of two fiber families (Spencer, 1984), Holzapfel et al. (2000) postulated a
strain-energy function for fiber-reinforced materials as
WHani(I4, I6) =
k1H
2k2H
{exp[k2H(I4 − 1)2]− 1}+ k1H2k2H {exp[k2H(I6 − 1)
2]− 1}, (4.2)
where the material parameters are: k1H ≥ 0 (dimension of a modulus); k2H > 0
(dimensionless coefficient); invariants: I1 = trC, I4 = a0 · Ca0 and I6 = g0 · Cg0;
in which a0 = [0 cos(α) sin(α)]T and g0 = [0 cos(α) − sin(α)]T , whereas α
signifies a half of the angle between two fiber families. The isotropic strain-energy
function is modeled by the neo-Hookean one Wiso(I1) = µ2 (I1 − 3), with µ equivalent
to the small strain shear modulus. U(J) is the volumetric strain energy of the form:
U(J) = 12p(J − 1).
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A modified version of the HSF
Consider a modified model proposed by Nguyen-Nhu et al. (2010), which is defined
as
Wani(I4, I6) =
k1p
2 {exp[k2p(I4 − 1)
2]− 1}+ k1p2 {exp[k3p(I6 − 1)
2]− 1}. (4.3)
This model has an advantage not only for the implementation into FEM codes but
also in cases in which two fiber families might be placed unsymmetrically according to
a fixed coordinate system or there are differences in mechanical properties of the two
fibres families (k2p 6= k3p). In addition, with the same implementation a transversely
isotropic model is achieved by imposing the third constant k3p = 0, canceling out one
fiber family.
To implement the HSF model into a FEM program, the nearly incompressible
formulation with the invariants presented in section 3.5 is adopted. It is similar to
the implementation of the modified HSF model into FEM codes. In this manner, the
second Piola-Kirchhoff stress for each term of the HSF is calculated as
Siso = 2
∂Wiso
∂C = µI
− 13
3
(
I− 13I1C
−1
)
= µI−
1
3
3 M (neo-Hookean)
Sani = 2
∂Wani
∂C = k1H
[
A(I¯4 − 1)I−
1
3
3 T1 +B(I¯6 − 1)I−
1
3
3 T2
]
,
(4.4)
where
M =
(
I− 13I1C
−1
)
A = exp{k2H(I¯4 − 1)2}
B = exp{k2H(I¯6 − 1)2},
(4.5)
and T1 and T2 tensors are
T1 =
(
a0 ⊗ a0 − 13I4C
−1
)
T2 =
(
g0 ⊗ g0 − 13I6C
−1
)
.
(4.6)
The constitutive tensors are computed as
Ciso = 2
∂Siso
∂C = −
2
3
[
C−1 ⊗M + I⊗C−1 − I1C−1 C−1
]
Cani = 2
∂Sani
∂C = 4k1H (D1 + D2) ,
(4.7)
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where the fourth order tensors are evaluated as
D1 =
[∂A
∂C(I¯4 − 1)I
− 13
3 + A
∂I¯4
∂CI
− 13
3 − A(I¯4 − 1)
I
− 13
3
3 C
−1]⊗T1
− 13A(I¯4 − 1)I
− 13
3
(
∂I4
∂C ⊗C
−1 + I4
∂C−1
∂C
)
D2 =
[∂B
C (I¯6 − 1)I
− 13
3 +B
∂I¯6
∂CI
− 13
3 −B(I¯6 − 1)
I
− 13
3
3 C
−1]⊗T2
− 13B(I¯6 − 1)I
− 13
3
(
∂I6
∂C ⊗C
−1 + I6
∂C−1
∂C
)
.
(4.8)
4.2 Stability of material models
Besides the capability of representing the material behavior of biological soft tis-
sue accurately, constitutive equations must also ensure numerical stability in com-
puter simulation. Material stability for hyperelasticity in the framework of finite
element analysis has been discussed for several decades with different arguments and
approaches. Basically, to prove the existence of solutions of boundary-value prob-
lems, the strain-energy function should satisfy the Legendre-Hadamard or ellipticity
condition (equivalent to a convexity condition for hyperelastic materials) (Marsden
and Hughes, 1983). Holzapfel et al. (2004) investigated the stability of the HSF for
two fiber families by using the strong ellipticity condition, deriving restrictions im-
posed on material parameters (Holzapfel et al., 2000). Alternatively, this model is
also proven to be polyconvex and to satisfy the ellipticity condition (Schro¨der et al.,
2005b; Balzani, 2006).
In other work, the stability of the Fung-type model, see Fung et al. (1979);
Humphrey and Yin (1987), was discussed by Walton and Wilber (2003). They formu-
lated several constraints on the material constants of the Fung-type model to fulfill
strong ellipticity. Ogden (2003) investigated a Fung-type model for 2D and concluded
that a strain-energy function, which is convex in a strain measure and is non-convex
in other ones, might become unstable.
It is claimed that the quasi-convexity condition introduced by Morrey (1952) guar-
antees that the strain-energy functions satisfies the Legendre-Hadamard or ellipticity
condition. Nevertheless, it is inconvenient to handle this notion since it is an inte-
gral inequality (Schro¨der and Neff, 2003). For a more convenient way to manage this
problem, (Ball, 1977) introduced the concept of polyconvexity. According to Marsden
and Hughes (1983); Ball and Murat (1984), the convexity implies polyconvexity and
polyconvexity in turn implies quasi-convexity. It denotes that if the strain-energy
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function is polyconvex then its elasticity tensor satisfies the Legendre-Hadamard con-
dition. Thus, the polyconvexity guarantees the material stability. Note that it might
not be applicable to materials having phase transitions Marsden and Hughes (1983).
In general, the strain-energy functions need to ensure polyconvexity, coercivity and
(natural) stress free state conditions. Herein, the strain-energy function given by
equations (4.1) and (4.2) is mainly analyzed. Consequently, polyconvexity is utilized
to discuss material stability in this chapter.
4.2.1 Polyconvexity condition
Ball (1977) proposed a polyconvexity concept that is more manageable. For finite-
valued and continuous functions, it can be stated that polyconvexity implies quasi-
convexity and strong ellipticity. Thus, it guarantees material stability.
Polyconvexity: F 7→ W (F) is polyconvex if and only if there exists a function P :
R3×3 × R3×3 × R 7→ R (in general non-unique) such that
W (F) = P (F, adjF, detF) (4.9)
and the function R19 7→ R, (F, adjF, detF) 7→ P (F, adjF, detF) is convex for all points
X ∈ R3. The adjugate of F is defined by adjF = detFF−1 (Schro¨der and Neff, 2003).
For isotropic material the strain-energy functions, e.g. Ogden, Mooney-Rivlin
and neo-Hookean functions, satisfy this concept of polyconvexity (Schro¨der and Neff,
2003). Furthermore, the anisotropic term in (4.2) is proven to be polyconvex by
Schro¨der and Neff (2003); Balzani (2006). Based on a corollary for additive polycon-
vex functions (Schro¨der and Neff, 2003) the HSF is, therefore, a polyconvex function
with positive material parameters.
It is obvious that the convexity of the strain-energy function is important to derive
the proper elasticity tensor used for calculating the material tangent stiffness matrix.
If the energy function is convex at every point in the strain space, then the elastic-
ity tensor C = ∂2W
∂E2 is positive definite. Nevertheless, for any strain energy function
comprising an anisotropic term and an isotropic one, the convexity is insufficient to
ensure the stability of numerical simulations since the material model, which shows
a strongly anisotropic behavior or a strongly directional behavior, might lead to nu-
merical instability (Duong et al., 2012b). In the following, the stability of the HSF
and transversely isotropic material laws are discussed in detail.
4.2.2 Ill-conditioning problem
Two basic models in biomechanics, the Fung-type and the Holzapfel ones are both
subjected to the ill-conditioning problem if their material coefficients are not properly
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chosen. The convexity of the HSF depends on the choice of the parameters (Holzapfel
et al., 2000, 2004). Employing an improper set of material constants for simulation
might give rise to the unphysical response as stated by Gasser et al. (2006) in which
the thickness of a strip in a uniaxial tension test increases instead of decreasing as
a practical phenomenon due to the incompressibility condition, see also Figure 4.2.
It means that the incompressibility constraint in this case is violated. It is known
that even with perfectly fitted material parameters obtained from curve fitting, the
HSF might also show SDB as described by Duong et al. (2012b), leading to an ill-
conditioned constitutive matrix. This also happens to transversely isotropic models of
the form (4.2) in which the mechanical response of the fibers strongly dominates the
soft ground matrix behavior (Duong et al., 2012b). On the other hand Duong et al.
(2015c) have pointed out that the stability of HSF depends on the difference between
the isotropic component and the anisotropic term even though the model is convex.
Splitting of the strain energy into a volumetric and a deviatoric part might cause
the non-physical behaviour of materials not restricted to (near) incompressibility
(Ehlers and Eipper, 1998). Alternative approach for dealing with this problem was
also suggested by Sansour (2008) and realized by Helfenstein et al. (2010), in which
they have employed the original invariants of the right Cauchy Green tensor for fibers
instead of the modified ones (the isochoric terms) in the constitutive equation, whereas
the incompressibility was imposed on the isotropic strain energy only by splitting into
a volumetric and an isochoric parts. Therefore, this subsection mainly focuses on the
stability of the HSF and a transversely isotropic model by some extension tests in
order to find out a remedy for the ill-conditioning problem.
The case of two fiber families
In this circumstance, a simulation of a uniaxial tension test is performed for a rect-
angular of an adventitial strip exhibiting clear two fiber families embedded in a soft
matrix, see Figure 4.1. This tensile test was also discussed by Gasser et al. (2006);
however, the thickening is found for the material constants, which are pseudo parame-
ters and are thus unable to describe the mechanics of the adventitial strip. In contrast,
for our numerical test, we utilized the set of constants obtained from curve fitting to
experimental data. Thus, the model using these material coefficients characterizes the
mechanics of the adventitial strip. In addition, the test was conducted in the phys-
iological deformation range of the adventitial specimen, but more importantly, the
ill-conditioning problem was still observed. To this end, the material parameters of
the HSF were identified by curve fitting (Figure 4.5) to the experimental data of an ar-
terial wall reproduced from Holzapfel et al. (2005); µ = 22.7223 [kPa], k1H = 94.3205
[kPa], k2H = 240.5662, α = 49.3552◦, and ν = 0.499996 (Poisson’s ratio), see also
Table 4.1.
The simulation in Figure 4.2 shows the thickness thickening of the strip, and this
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Figure 4.2: Thickness thickening (unphysical) at the middle of the strip in uniaxial
tension using the HSF model.
increase of the thickness is proportional to the increase in magnitude of the load.
Specifically, the thickness in Or≡ O1 (Displacement 1) is orthogonal to the fiber
plane Oθz ≡ O23 and expands according to a superposition of the load increments.
Nevertheless, the thickness cannot contract according to the incompressibility con-
straint. Although the set of material parameters used ensures the polyconvexity of
the HSF (parameters are all positive), the numerical result is incorrect (discussed in
the numerical results). Consequently, a solution obtained from the tension test using
this set of material parameters is meaningless.
The case of one fiber family
For this case, it is also proven (Figure 4.3) that the ill-conditioning above might
occur for a transversely isotropic model (TIM) no matter what convexity condition
the model satisfies, see Figure 4.4a. One fiber family in the HSF (4.2) was suppressed
in order to achieve a transversely isotropic model. A uniaxial test was carried out with
the extension along the fiber direction. It is obvious that the fibers contribute along
their direction only, the mechanical properties in other directions are characterized by
the isotropic (the neo-Hookean) term. The assumed material constants of the TIM
are µ = 22.722 [kPa], k1H = 94.321[kPa], k2H = 240.566, α = 90◦, and ν = 0.499996.
Though the model convexity was achieved as illustrated in Figure 4.4a, an abnor-
mal phenomenon in the numerical simulation was noticeably observed. In Figure 4.3,
it can be easily seen that both thicknesses in Or (Displacement 1) and Oθ (Dis-
placement 2) are significantly increasing. The expansions are proportional to the
magnitude of the load. This is a non-physical response of the model and the volume
of the strip is remarkably larger than the initial one. A quantitative comparison can
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Figure 4.3: Thickness thickening in both directions orthogonal to the extension di-
rection (fiber direction) of the uniaxial tension for the transversely isotropic model.
(a) Convexity of the HSF for one fiber family (b) Incompressibility constraint
Figure 4.4: Uniaxial tension test along one fiber family direction.
be seen in Figure 4.4b. At the beginning, the simulation results are in a good agree-
ment with analytical ones. However, the ill-conditioning becomes apparent from a
stretch level λz = 1.075 at which the incompressibility constraint remains unsatis-
fied, i.e. λrλθλz > 1, leading to the incorrect solution. As a result, both models are
subjected to the ill-conditioning problem in the physiological deformation range.
Different mechanical contributions between fibers and matrix
According to the assumption in the modelling of the HSF that the fibers are only
active in extension along their directions, their contributions are minimal along di-
rections which are orthogonal to the fiber directions (no shear interaction or bending
effect of the fibers were taken into account). As a consequence, the thickness thick-
ening is always orthogonal to the fiber direction or the fiber plane in these above
examples. For the former, the abnormal phenomenon is due to the minimal mechan-
ical contributions of the fibers along the direction perpendicular to the fiber plane.
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Concerning the latter, it is because of the large difference in mechanical contribu-
tions which was found between the fiber direction and the plane orthogonal to this
direction. The larger difference in mechanical contributions apparently gives rise to
larger differences among the components of the constitutive matrix or the material
tangent stiffness matrix. The entries of this matrix derived correspondingly from the
fibers are much greater than those corresponding to the soft substrate, resulting in an
ill-conditioned constitutive matrix (or tangent stiffness matrix). In this circumstance,
the thickness thickening occurs along both directions Or and Oθ (indeed, thickness
thickening takes place in all directions orthogonal to the fiber orientation, and it can
be easily seen in a test case of a cylinder or a tube) in the tension test of one fiber
family, and this phenomenon only occurs along the direction perpendicular to the
fiber plane for the test of two fiber families. This is, of course, due to accumulation
of the inaccurate deformations obtained from solving the ill-conditioned system.
In addition to the uniaxial test, an equi-biaxial test is also performed to prove
that the thickness thickening also takes place in the plane orthogonal to the fibers.
The two fiber families (α = 45 ◦) have the same mechanical properties and cannot
simultaneously rotate to two loading directions which are orthogonal each other.
This implies that the fiber angle remains unchanged; however, the same unphysical
deformation is still observed. Consequently, the argument based on the rotation of
fibers by Gasser et al. (2006) is not reasonable and cannot absolutely account for
this unrealistic response. Furthermore, the rotation of fibers is unable to interpret the
non-physical behavior in the case utilizing the TIM in which the thickness thickening
occurs along all directions orthogonal to the fiber orientation.
Condition number of constitutive matrix
Considering the elasticity tensor C, the ill-conditioning is due to the large condition
number of the constitutive matrix. Duong et al. (2015c) discussed the influence of
this number by manually increasing the contribution of the isotropic term in the HSF.
Since the elasticity tensor is symmetric and positive definite, its 2-norm condition
number is defined as
κ = λmaxC
λminC
(4.10)
where λmaxC and λminC are maximal and minimal eigenvalues of C, respectively.
The condition number κ gives an indication of the accuracy of the results from the
matrix inversion and the linear equation solution (Ax = b). Generally, the larger
the condition number, the worse is the solution of the equation system because the
solution of this system is more sensitive to little changes of its right-hand side terms.
For all test cases discussed above, their corresponding condition numbers are too
large, leading to the numerical instability. In solving linear equation systems, a
large condition number can lead to very slow convergence in iterative methods and
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make direct methods to suffer from round-off errors, resulting in an incorrect solution
(Sieger et al., 2010). In general, it can be simply said that the numerical solution
of the linear equation system might lose about r decimal digits of precision when its
conditioning number is κ = 10r (Liu and Chang, 2009). For example, when the value
of the condition number computed by Duong et al. (2015c) is retrieved for the equi-
biaxial test simulation (stretch λ = 1.35), which is subjected to numerical instability,
the accuracy of the solution would lose 5 decimal digits since κ = 1.0× 105, whereas
the machine epsilon (machine accuracy) has 15 decimal digits. Indeed, this example is
just for demonstration how the system loses the accuracy since the condition number
is only derived from the constitutive matrix without the volumetric part. Thus,
this number is smaller than the real one. In addition, if the solution is obtained
from an iterative process, then its numerical error is iteratively accumulated. This
problem might have negligible effects on the solutions to linear problems such as linear
materials using linear strain theory. However, applications with biological soft tissues
considering non-linear materials subjected to large deformations may severely suffer
from the incorrectly accumulated solution.
Remarkable conclusions
For any material model combined of two separated components, one of them pos-
sessing a dominating behavior might cause the numerical simulation to be unsta-
ble, resulting in an unrealistic response. This instability can be simply observed in
planes or directions in which the contribution of dominating component is minimum
Duong et al. (2012b). For transversely isotropic materials, the plane orthogonal to
the fiber direction is one in which the non-physical phenomenon can be recognized.
For anisotropic models, the direction orthogonal to the fiber plane is of interest for
monitoring this phenomenon. It can be easily seen that the isotropic part is charac-
terized by means of a polynomial function, whereas the anisotropic term is described
by an exponential function. Consequently, at high stretch, the exponential term is
much greater than the polynomial term and causes the unbalance of these compo-
nents, resulting in the ill-conditioned constitutive matrix. To deal with this problem,
an additively exponential function describing the isotropic part should be introduced
into the overall model. Herein, for demonstration, several constitutive models were
proposed to reduce the large difference between the isotropic and anisotropic terms.
However, they need, of course, be tested for numerical stability before satisfying ones
can be employed.
Based on the microstructural approach, the HSF was modified by adding a new
term that can represent some more lacking properties such as matrix-fibers interaction
(Peng et al., 2006), capturing exact distribution and wavy nature of fibers, and the
fraction of elastin and collagen in the media (Zulliger et al., 2004; Gasser et al.,
2006). Therewith, the unbalance were physically reduced to make the whole model
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more stable in the deformation range of interest. In this fashion, some physical
parameters are introduced by studying histology of tissue (Gasser et al., 2006; Kao
et al., 2010; Pandolfi and Vasta, 2010). Based on the combined phenomenological-
microstructural approach the author tried to figure out in more detail the problem
and the general way to treat the unbalance of the constituents in order to meet
model stability requirements. If there is no histological research of tissue, then no
physical parameters can be associated to the new additive terms. In the following,
the proposed models for dealing with the instability of the HSF are discussed in detail
for elaborating the author’s above arguments. Therefore, the HSF can be used with
care in order to avoid the ill-conditioning problem.
Furthermore, in modeling, the interaction between the fibers and the matrix should
be taken into account since the load transferred from the matrix to fiber or vice versa
can be useful to analyze the fracture of the material at the ultimate values of stretch
and stress, e.g. for linear cases see also Andrianov et al. (2008, 2010). That means that
the material law can induce response which accounts for more practical phenomena,
and hence, the model is more stable.
4.2.3 Proposed models
In this section, the author presents several suggested models which are probably
capable of solving the instability of the HSF. By adding a new additive function to
the HSF, the whole mode can now compensate the difference between the isotropic
and the anisotropic terms. Differetn additive functions, Wi (i = 1...6), are in turn
combined with the HSF so as to formulate new overall material laws; WPi (i = 1...6).
Particularly, for WP6 , the new term introduced containing the eighth invariant, the
whole model has some interaction between the fibers and the matrix. The general
form of the proposed models is
WPi = Wi +Wani(I¯4, I¯6) + U(J). (4.11)
To derive the best designated one, six proposed models were tested for investigating
the ill-conditioning problem.
Model 1-WP1
This mainly isotropic additive strain energy function is able to decrease the dominat-
ing contribution of the anisotropic part
W1(I¯1) =
µ1
2 (I¯1 − 3) +
k5p
4k4p
{exp
[
k4p
(
I¯1 − 3
)2 ]− 1}, (4.12)
where k4p is a dimensionless parameter and k5p has dimensions of modulus. The
proof of polyconvexity for this strain-energy function is straightforward. Obviously,
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a convex and monotonically increasing function of a polyconvex argument is also
polyconvex for I¯1 ≥ 3, see Schro¨der and Neff (2003); Balzani (2006).
Model 2-WP2
By ignoring the neo-Hookean strain-energy function and adapting the left term in
(4.12), the isotropic part of the entire model becomes
W2 =
k5p
4k4p
{exp
[
k4p
(
I¯1 − 3
) ]
− 1}. (4.13)
A similar isotropic strain-energy function has been proposed by Delfino et al. (1997).
It is obvious that this model is also polyconvex by itself. As a result, the soft ground
matrix is only characterized by the term W2.
Model 3-WP3
Instead of using the neo-Hookean model, the the Mooney-Rivlin model (3.30) is used
in the third proposed model WP3 , thus equation (4.12) yields
W3 =
µ1
2 (I¯1 − 3) +
µ2
2 (I¯2 − 3) +
k5p
4k4p
{exp
[
k4p
(
I¯1 − 3
)2 ]− 1}. (4.14)
Model 4-WP4
Only the Mooney-Rivlin one Equation 3.30 is employed. As it is polyconvex, so is
the whole model. However, it is a polynomial function; hence, numerical instability
might be not treated fully in the expression
W4 =
µ1
2 (I¯1 − 3) +
µ2
2 (I¯2 − 3). (4.15)
Model 5-WP5
The isotropic term of this model is integrated with the isotropic term of Model 2 with
the neo-Hookean strain-energy function; hence, it is polyconvex with the form as
W5 =
µ1
2 (I¯1 − 3) +
k5p
4k4p
{exp
[
k4p
(
I¯1 − 3
) ]
− 1}. (4.16)
Model 6-WP6
The strain-energy function of the sixth proposed model includes the isotropic, the
anisotropic, and the fiber-matrix interaction parts as
W6 = Wiso +Waniso +Winter(I¯1, I¯8), (4.17)
in which the additive component is defined as
Winter =
k5p
4k4p
{exp
[
k4p
(
I¯1 + I¯8 − 3− (c2 − s2)2
)2 ]− 1}, (4.18)
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where c = cos(α) and s = sin(α) with α as the fibre angle. The second Piola-Kirchhoff
tensor derived from Winter(I¯1, I¯8) is computed as
Sinter = 2
∂Winter
∂C = k5pHexp(H)
∂H
∂C = k5pHexp(H)
(
∂I¯1
∂C +
∂I¯8
∂C
)
= k5pI
− 13
3 Hexp(H) (M + N) ,
(4.19)
where
H = k4p
(
I¯1 + I¯8 − 3− (c2 − s2)2
)2
, (4.20)
and the intermediate tensors are defined as
M =
(
I− 13I1C
−1
)
N = 12(a0 · g0)(a0 ⊗ g0 + g0 ⊗ a0)−
1
3I8C
−1.
(4.21)
The constitutive tensor of Winter(I¯1, I¯8) contributed to the overall stiffness is calcu-
lated as
Cinter = 2
∂Sinter
∂C
= 2k5p
(
H
∂exp(H)
∂C ⊗
∂H
∂C + exp(H)
∂H
∂C ⊗
∂H
∂C + exp(H)H
∂2H
∂C2
)
.
(4.22)
It is worth noting that I¯1 is polyconvex and I¯8 is not polyconvex, thus K = I¯1 + I¯8
is not polyconvex and the overall model may violate the strong ellipticity. Moreover,
one still can use this with care and convexity of models using I¯8 was also discussed by
Holzapfel and Ogden (2009). To derive the use of this model, it is needed to constrain
on the model parameters so that K is monotonically increasing with deformation
(loading). More specifically, it means that K ≥ 3 − (c2 − s2)2 for ‖Fa0‖2 ≥ 1 and
‖Fg0‖2 ≥ 1, (‖F‖2 = tr(C)). It is obvious that I¯1 ≥ 3 for ‖F‖2 ≥ 1. Since I¯4 = f(C)
(see (4.2)) and I¯4 ≥ 1 for ‖Fa0‖2 ≥ 1 (similarly, I¯6 ≥ 1 for ‖Fg0‖2 ≥ 1) when fibers
are active. Consequently, if ‖Fa0‖2 ≥ 1 and ‖Fg0‖2 ≥ 1 then I¯8 ≥ (c2 − s2)2 hence,
the fibers are activated and interact fully with the matrix. Thus, K ≥ 3− (c2 − s2)2
for fibers in action. In the case that fibers are inactive then I¯8 = (c2 − s2)2; hence,
the corresponding strain-energy is a function of I¯1 only. The strain-energy function
Winter in (4.18) has the general form
W (K) = exp
[
(K − b)p
]
− 1, K ≥ b, p > 2. (4.23)
If this function is convex for p = 2, then the strain-energy function Winter is convex.
The function W (K) can be proven to be convex by evaluating the first derivative of
W (K) as
∂W (K)
∂K
= exp[(K − b)p][p(K − b)(p−1)]. (4.24)
54 4. STABILITY OF WELL CONDITIONED HYPERELASTIC MODELS
The second derivative of W (K) is, therefore, written as
∂2W (K)
∂K2
= exp[(K−b)p][p(K−b)(p−1)]2 +exp[(K−b)p][p(p−1)(K−b)(p−2)]. (4.25)
This term tends continuously to zero for K → b and is positive for K ≥ b. Hence,
the second derivative is positive definite and continuous. By continuity, it is observed
that Winter is convex also for p = 2.
Convexity of the modified models
The first five additive strain-energy functions are proven to be polyconvex but Model
6 is not polyconvex in general, however it can be convex with the above constraints
and results in the best simulation and the author considered it as an example of the
general way for overcoming the ill-conditioning problem. In other words, for each
strain-energy function of the six models, the material stability is assured. However,
the numerical instability might still occur as discussed before. In the following, sev-
eral numerical tests for homogenous deformations are carried out to demonstrate the
significant improvement of the numerical stability by the proposed models.
4.3 Numerical tests
4.3.1 Curve fitting for an adventitial layer
In order to clearly demonstrate the performance of the constitutive models proposed
in this thesis, several numerical examples were analyzed in more detail. Material
parameters used in this section were identified from the experimental data of two
uniaxial tests for characterizing the mechanical properties of an adventitial layer,
conducted by Holzapfel et al. (2005). The experimental data was reproduced for a
fitting phase of the HSF (4.2) and the nominated strain-energy functions from (4.11)
to (4.17). Unlike medial layers, an adventitial layer was chosen for curve fitting since
it is claimed that the HSF might be unable to capture real behavior of this kind of
tissue, due to larger dispersion of the collagen fibers (Holzapfel et al., 2005; Gasser
et al., 2006).
A curve-fitting combination of two separated uniaxial tests was performed to de-
termine the material parameters utilized for the numerical simulations. In spite of the
fact that it is insufficient to fully characterize the anisotropic material with only two
uniaxial tension tests (Holzapfel and Ogden, 2007), these tests can still be used for fit-
ting and comparison with care as presented in many research papers (Holzapfel et al.,
2005; Ehret, 2011). As illustrated in Figure 4.1, for the uniaxial tests, one test is done
along the axial direction with the longitudinal stretch λz, and the other is conducted
along the circumferential (hoop direction) of the adventitial layer associated with the
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Table 4.1: Fitted parameters for HSF and proposed models
Model µ1[kPa] k1H [kPa] k2H k4p k5p[kPa] µ2[kPa] α[◦]
HSF 22.7223 94.3205 240.5662 - - - 49.3552
Model 1 22.7223 56.9844 294.8198 99.2298 85.3438 - 50.0206
Model 2 - 104.2788 180.1230 19.2800 16.7578 - 50.3552
Model 3 21.7223 48.3100 230.1230 124.4037 109.8614 1.6688 50.9452
Model 4 20.1723 111.7496 219.1230 - - 3.5462 49.3552
Model 5 20.7685 91.1738 180.1230 35.3274 1.9989 - 50.3552
Model 6 22.7223 0.0057 189.1230 274.6185 666.5237 - 50.7875
hoop stretch λθ. Consider each uniaxial test, the second and the third stretches were
computed from the boundary conditions and the incompressibility constraint. For
the boundary conditions, the stresses along the second and the third stretches are
zeros, (for example, the stretch along Oz is prescribed then σz 6= 0; σθ = σr = 0).
The corresponding stretches were also obtained from the boundary condition and the
incompressibility condition λθλrλz = 1, see also Holzapfel et al. (2005).
Subsequently, the predicted stresses are used to identify material parameters of the
HSF and the proposed models by curve fitting. To this end, a nonlinear algorithm
was employed, such as a subspace trust region method that is based on the interior-
reflective Newton method, to minimize functions as
1
2
n∑
i=1
(σpθ − σeθ)2 +
1
2
n∑
i=1
(σpz − σez)2, (4.26)
where σeθ and σez are experimental data obtained from the specimen IX of adventitia
(Holzapfel et al., 2005) while σpθ and σpz are stresses predicted from the HSF or the
proposed model; i = 1, . . . , n are data points. The fitting results for the six suggested
models are shown in Table 4.1 and in Figure 4.5 to Figure 4.7. During the fitting
phase, the shear modulus and the fiber angle were kept as close as possible to the
fitted ones of the HSF so that comparisons between each proposed model and the
HSF as the seventh model can be easily made.
Numerical results of a pure shear test were computed for all seven models to
investigate their capabilities of representing the adventitia. The simulated specimen
has boundary conditions as described in Figure 4.9b. It means the cube is fixed
in Oθ. Figure 4.8 denotes that only the FEM result of Model 6 has an excellent
agreement with the analytical solution, whereas the results of the remaining models
deviate far from the analytical in the physiological deformation range of the tissue.
That implies that only Model 6 is capable of overcoming the ill-conditioning problem
in the physiological deformation range.
It is clearly seen from Table 4.1 and Figure 4.8 that Model 3, 4 and 5 have smaller
anisotropic parts and larger isotropic terms. Consequently, their stress solutions are
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(a) Model 1 (b) Model 2
Figure 4.5: Fitting results for the adventitial layer using Model 1 and Model 2
(a) Model 3 (b) Model 4
Figure 4.6: Fitting results for the adventitial layer using Model 3 and Model 4
(a) Model 5 (b) Model 6
Figure 4.7: Fitting results for the adventitial layer using Model 5 and Model 6.
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(a) Pure shear test fixed in Or (b) Fixed in Or
Figure 4.8: FEM results for pure shear tests and limit of Model 6.
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Figure 4.9: Pure shear test; (a): Fixed in Or, (b): Fixed in Oθ,
higher than one of the HSF. Model 1 and 2 have similar stress solutions as the HSF.
However, all proposed models except Model 6 severely suffer from the ill-conditioning
problem in the physiological deformation range of the tissue. Henceforth, the mod-
els number 1, 2, 3, 4 and 5 are no longer discussed in numerical examples for the
adventitia. This conclusion does not mean that they are unable to capture some
mechanical properties of the adventitia. When Model 6 is tested at higher stretch
levels, its numerical solution begins to deviate from the analytical at an approximate
stretch level of 1.14 with a corresponding stress value of 4000 [kPa]. This stress value
is too much higher than the ultimate values in the physiological deformation range
(ultimate stresses of 40 and 80 ([kPa]) in Figure 4.6). Model 6 is subjected to the ill-
conditioning problem at a very large stretch level, which is far from the physiological
deformation range. Therefore, each hyperelastic model has its own limit range and
within this range its numerical stability is assured.
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(a) Fixed in Or (b) Fixed in Oθ
Figure 4.10: FEM results for pure shear test of the adventitia.
4.3.2 Pure shear test of the adventitia
To verify the proposed model, the pure shear test was simulated with fitted parameters
obtained from the previous section (see also Figure 4.1, Figure 4.5, Figure 4.6 and
Figure 4.7 and Table 4.1). Without loss of general characteristics, a simple cubic
element (dimension 1×1×1 [mm3]) was used. It is subjected to boundary conditions
as shown in Figure 4.9 in which the element is deformed along Oz until the stretch
reaches a value of 1.12. The test was performed on one single element without any
evidence of locking effects.
When the cube is fixed in Oθ, as demonstrated in Figure 4.8, the Cauchy stress
curve of the HSF largely deviates from the analytical one at low stretch level λz <
1.012. This stretch level is certainly in the physiological deformation range of the
adventitial tissue specimen when relatively compared with the stretch value λz =
1.092 of the uniaxial tension test. On the contrary, the Cauchy stress curve of Model
6 has a good agreement with the analytical result.
Additionally, when the cube is fixed in Or, the ill-conditioning problem of the
HSF can be clearly seen in Figure 4.10b. The hoop stretches (λθ) for both considered
models are also in very good agreement with the analytical, see Figure 4.10a. It is
worth noting that the ill-conditioning still takes place in the stress curve of the HSF as
shown in Figure 4.8a. Despite the fact that the incompressibility condition is satisfied,
but the stress obtained is incorrect. This can be due to the displacement-based finite
element approach used for obtaining the numerical results. The displacements are
the solution of the equation system, and the incompressibility condition is strongly
imposed during solving the equation system. This is reasonable since the change in
volume (dilatational part) of the adventitia needs much larger external work than the
volume preserving change (distortional part) (Holzapfel, 2000). As a result, it might
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be unable to detect the volume change by monitoring the violation of the incompress-
ibility condition. The displacements along the direction perpendicular to the fiber
plane are fixed but the constitutive matrix remains ill-conditioned. Thus, the un-
physical response is likely found in the stress solution rather than in the displacement
solution as seen in Figure 4.8. As a consequence, although the unphysical behavior
cannot be observed in the fiber plane, it might be reflected in the stress solution.
When the hoop stretch of the cube is fixedly constrained in Oθ, then the unphysical
response can easily be perceived in the out-of-plane (fiber plane) direction as depicted
in Figure 4.10b. For the case using the HSF, the numerical solution matches well at
small strain only and starts to differ from the analytical at stretch close to a critical
value of 1.125, whereas Model 6 is not affected by this problem. The unphysical
phenomenon of the HSF model might be observed at the direction orthogonal to the
fiber plane. It accounts for the smallest material stiffness along this direction by
minimal mechanical contributions of the anisotropic term (by C−1 in the constitutive
tensor only). In the following, the unrealistic response is further investigated in a
biaxial test.
4.3.3 Biaxial test of the adventitia
According to Gasser et al. (2006), the instability of the HSF was due to the fiber
rotation since the fibers need to rotate to the loading direction in the tension test. To
demonstrate that is not reasonable, an equi-biaxial test was conducted in which the
fibers were stretched along two directions, but the thickness in the third direction still
increases. Hence, the fibers are unable to rotate simultaneously to both orthogonal
directions. It is also claimed by Duong et al. (2015c) that the problem is caused by
the ill-conditioning of the constitutive matrix rather than by the fiber rotation. The
identified material set in Figure 4.7b for Model 6 is used in the equi-biaxial testing.
The geometrical model of the specimen has the dimension tLzLθ = 0.34 × 20 × 20
[mm3], see Figure 4.11a. The thickness of the adventitia is t = 0.34 [mm], see
Holzapfel et al. (2005). For the sake of symmetry, the stress analyses was performed
on a quarter of the specimen. The quarter is meshed by only one mixed element
without volumetric locking effect (Taylor, 2000). The given displacement d = 0.112Lθ
is applied in both Oθ and Oz directions in 500 equal time steps.
The deformation measures of an incompressible material in the equi-biaxial test read
as
F =

λ 0 0
0 λ 0
0 0 1/λ2
 ; C = FTF =

λ2 0 0
0 λ2 0
0 0 1/λ4
 . (4.27)
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Figure 4.11: Boundary conditions in tension tests.
A very good fit between the analytical and the FEM solution of Model 6 can be
clearly observed in Figure 4.12a. The incompressibility constraint of Model 6 is
satisfied as denoted in Figure 4.12b. Consequently, the numerical results of Model 6
are unaffected by the ill-conditioned problem not only in the physiological range of
stretch (λz < 1.092) but at higher stretches. At too high stretch level, this model, of
course, has a bad effect of the ill-conditioning problem.
In contrast, Figure 4.12b shows that the incompressibility condition remains un-
satisfied for the HSF, resulting in a difference in Cauchy stress between the analytical
and the numerical, see Figure 4.12a. This phenomenon results in an increase of vol-
ume of the strip as well as its thickness. The unphysical behavior starts from a very
low stretch value λz = 1.06. In conclusion, the ill-conditioning occurs at lower stretch
for the HSF and is undoubtedly observed in the direction orthogonal to the fiber
plane.
4.3.4 Complement tension tests of adventitia
In many applications, e.g. stents for peripheral vessels and stapled anastomosis of
tubular organs in human body (Nova´cˇek et al., 2012), it is needed to simulate some
experiments such as uniaxial tests and the inflation tests of tubes. In a sequence
of simulations for demonstrating the validity of the proposed model, two additional
tension tests of adventitial tubes were, hence, conducted to support the author’s
argument above.
Uniaxial tension tests
For the uniaxial tension tests shown in Figure 4.11b, a comparison between the HSF
and the current model is made. Figure 4.13a illustrates the significant improvement
4.3.Numerical tests 61
(a) Thickness of strip (b) Incompressibility condition
Figure 4.12: Equi-biaxial tension test of the adventitia.
(a) Cauchy stress, stress-stretch curves (b) Incompressibility condition
Figure 4.13: Uniaxial tension tests of the adventitia.
of Model 6; the Cauchy stress curve satisfies the analytical one in the physiological
deformation range of the adventitia. On the contrary, the stress solution of the HSF
is incapable of following the analytical in the entire range of stretch, and exhibits
a nearly linear behaviour. Furthermore, the incompressibility condition denoted by
JHSF in Figure 4.13 implies that the HSF is subjected to the instability problem.
Obviously, Model 6 satisfies this condition at higher stretch, whereas the HSF is
unable to satisfy this constraint since the thickness along the radial direction increases
fast even at very low stretch.
Uniaxial tension test of a tube
As the shape of the adventitial layer is generally cylindrical, a tube test should be
conducted as depicted in Figure 4.14. A quarter of a cylinder was simulated by
utilizing the HSF and Model 6. The shape of the adventitia layer has an outer radius
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(a) Cauchy principal stress (b) Cauchy stress
Figure 4.14: Tension of a tube using Model 6 (one quarter simulated).
of 2.25 [mm] and an inner radius of 1.91 [mm]. These mean values are obtained from
coronary arteries by Holzapfel et al. (2005). The uniaxial test of this tube is carried
out along the axial direction Oz. Other directions are freely deformed according to
the bulk effect (the incompressibility condition).
The numerical solution of Model 6 is shown in Figure 4.14. The Cauchy principal
stress along longitudinal direction differs among layers. The largest stress is found
in the innermost layer and the wall stress decreases when the radius of the layer
increases. The specimen gradually becomes thinner under finite strain, Figure 4.15b.
On the contrary, the result for the HSF is unrealistic because the thickness of
the cylinder increases. The proposed model responses physically, whereas the HSF
exhibits an unphysical behavior (stress curves obtained are mostly linear in the uni-
axial tension tests). Again, it can be observed that the simulated Cauchy stress in
the suggested model is larger than the stress for the HSF. If the model is unstable,
then the solution of stresses is generally inaccurate and normally smaller than the
analytical stresses. Thus, before employing the models being discussed, one should
check the numerical stability and/or the condition number of the stiffness matrix to
make sure that the achieved solutions are correct or at least acceptable.
4.3.5 Concluding remarks
In this work, the stability of the material models having the SDB was analyzed in
detail. The ill-conditioning takes place when the difference between the isotropic
strain energy and the anisotropic one is too large. This happens in practice when a
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(a) Cauchy stress of the innermost layer (b) Thickness of the specimen
Figure 4.15: Uniaxial tension test of the adventitia shaped as a tube.
composite material subjected to a large deformation has a too soft substrate, which is
unable to contribute to bearing load together with the reinforced fibers. In this case,
the material might have failures in its ground matrix such as ruptures or cracks. As a
result, the soft matrix needs to be naturally strong enough to carry the load together
with the fibers in order to control the strain energy unbalance. This means that
the composite materials should have specific fibers (might be different from the main
fibers forming the anisotropy of the material) aligned along directions and planes
which have smallest mechanical properties. Subsequently, this assumption leads to
the fiber dispersion of the material. This, of course, is true for soft tissues since the
fibers are typically placed in all directions and the average fiber directions account
for the anisotropy. This is very important in not only nature (practice) but numerical
simulation. Consequently, the fiber dispersion should be taken into account.
Based on the unbalance of the two main constituents of the material model, the
added strain-energy function (Model 6) was proposed as an approach to improve the
material stability. The additive term associates with the fiber dispersion since the
isotropic term was characterized by an exponential function and is regarded as an
implicit form of the fiber dispersion factor. Moreover, this term is a function of the
eighth invariant I8 and partially acts as an interaction between the isotropic and the
anisotropic components. This interaction is definitely realistic and should be taken
into consideration. On the other hand, this issue is proven to be important when
compared with the case in which the eighth invariant is not utilized, see Model 1
in Figure 4.8. The characterization by the additive function in general keeps the
strain energy difference of the two constituents within a consistent range so that the
model can be immune from the numerical instability in the physiological deformation
range. At a very high stretch far from the physiological stretch range, Model 6
obviously becomes unstable. This is a general characteristic of a model formulated by
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a superposition of mechanical properties of its different constituents. By the author’s
treatment, the ill-conditioning is significantly solved at a certain strain level of interest
(physiological deformation range). Considering lower-cost experiments in general, it
is convenient to quantify this additive strain-energy function by the phenomenological
approach - based on experimental tests; hence, no histological data is required.
The HSF might not be useful for capturing mechanical properties of the artery
in this case. Holzapfel et al. (2005) proposed a modification of the HSF in which
an additional dimensionless parameter plays its role as the fiber dispersion factor.
It is discussed for uniaxial tests that the ill-conditioning seems to occur at very
low stretch, bringing about thickness thickening along the radial direction (normally
proportional to the increase of the stretch or loading). Hence, when uniaxial tests
(including compression tests and both for rectangular strips and original cylindrical
shapes) combined with inflation tests are conducted, the ill-conditioning problem
of the model employed should be taken into account. In literature, even though
the ill-conditioning has been not fully recognized or comprehensively understood by
researchers, their material modeling can be considered to follow the author’s approach
for treating the ill-conditioning, see models by Zulliger et al. (2004); Gasser et al.
(2006); Kao et al. (2010).
4.4 Numerical stability of a modified Fung-type
model
In the previous discussion, the ill-conditioning of the HSF model was specifically
discussed. In addition, the ill-conditioning problem of a Fung-type model may also
be a typical example when it is formulated to describe reinforcing fibers embedded in a
soft material. The Fung-type model can be analyzed to define explicitly a correlation
between the fiber structure and its parameters as presented by Holzapfel (2006).
The anisotropic strain-energy function is a two-dimensional (2D) model expressed in
terms of the components of the principal Green-Lagrange strain and consistent with
the assumption about fiber orientation, namely the modified Fung-type model (MFH)
as
W = W Fani +Wiso(I1), W Fani = C[exp(Qfiber(E))− 1], (4.28)
Qfiber(E) = c1E2θ + c2E2z + c32EθEz. (4.29)
Note that c3 in this model is smaller by a factor of two than the corresponding
one in the model by Holzapfel (2006). For the sake of clarity, the adventitia is
again considered as presented in Figure 4.1. It is easily seen that the Fung-type
model contributes mechanical properties in the plane Oθz or the fiber plane by the
exponential function (4.28). Besides, the term Wiso(I1) = µ2 (I1 − 3) plays its role in
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(a) Curve fitting for the MFH (b) Cauchy stress of the MFH
Figure 4.16: Curve fitting and the uniaxial tension test for the MFH model.
Table 4.2: Fitted parameters for the modified Fung-type model-MFH
Model µ = µ∗[kPa] C[kPa] c1 c2 c3 α[◦]
MFH 22.722 0.185 180.082 373.143 245.052 55.750
all directions as a polynomial function. This would lead to the same ill-conditioning
problem as described above. The constraints for the convexity of the model are
derived as
c1, c2, c3 > 0; c1c2 − c32 > 0. (4.30)
The angle between two fiber families along the hoop direction is defined by
tan(2φ) = 2c3
c1 − c2 ; tan(2φu)(c1 − c2) ≥ 2c3 ≥ tan(2φl)(c1 − c2), (4.31)
where φ, φu and φl are the angle of (mean) fiber orientation along the circumferen-
tial direction of the adventitia, the upper and the lower limits for the fiber angle,
respectively.
If c3 = 0 then φ = 0, and a TIM can be achieved with the fiber orientation along
the circumferential direction (Oθ) of the adventitia. The numerical stability of this
model should be investigated, see also Duong et al. (2012b). This TIM might have a
similar problem to one of the HSF.
In order to obtain the material constants for the MFH model, a curve fitting phase
was performed on the adventitial data (Holzapfel et al., 2005). The fiber angle in
(4.31) and the value of shear modulus can be imposed in the fitting process of the
adventitia. In general, one can just ignore the constraint on the fiber angle. All
coefficients are not only fitted but checked for the convexity conditions in (4.30).
Figure 4.17 shows the simulation results of the uniaxial tension test using the
material constants in Table 4.2 with the shear modulus µ = µ∗ = 22.7223 [kPa],
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(a) Thickness thickening (b) Unphysical increasing stretch
Figure 4.17: Unphysical response of the MFH model.
the unphysical behavior occurs at very low stretch, resulting in an inaccurate Cauchy
stress curve of the modified Fung-type model, see also Figure 4.16b.
Three stretch curves corresponding to three values of the shear modulus (other
constants remain unchanged) are illustrated in Figure 4.17b; the red one is for µ =
0.1µ∗, the blue one is simulated with the shear modulus µ = µ∗ and the last one
(violet) uses µ = 10µ∗. It is obvious that the largest shear modulus accounts for the
best radial stretch which gradually decreases so as to conform the incompressibility
constraint. Subsequently, this value makes the model more stable and the result
induced is, of course, better (closer to the analytical). The numerical stability of the
model strongly depends on the isotropic strain-energy function (neo-Hookean one).
Thus, it again supports the author’s argument on the difference of two strain-energy
components causing the unstable simulation of the general modified Fung-type model.
When the shear modulus decreases, the unphysical behavior is clearer observed by
the increasing radial stretch.
Moreover, Figure 4.18 shows the pure shear and the biaxial tests with the shear
modulus µ = µ∗; there are no unrealistic responses for both stress-strain curve and the
incompressibility condition (not plotted here) due to very good agreements between
the FEM results and the analytical ones. This numerical instability is not as severe
as for the HSF. It might be the circumstance that the difference between the MFH
model describing the fibers in terms of the principal components of the Lagrange strain
tensor and the neo-Hookean is smaller than that of the HSF. Based on a mathematical
view, the linear equation system is subjected to more constraints imposed by the
stronger boundary conditions, thus the condition number and the ill-conditioning
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(a) Pure shear tests (b) Biaxial test
Figure 4.18: Pure shear and biaxial tests: no numerical instability for MFH model.
becomes less effective. Obviously, the unphysical response occurs at higher stretches
in the pure shear and the biaxial tests for the HSF, see Figure 4.10 and Figure 4.12.
In contrast, this phenomenon takes place at very low stretches for uniaxial tension
tests, see Figure 4.13b and Figure 4.15b. It might be the case that the exponential
function of the principal Green strain components representing the fibers is increasing
slower than the corresponding ones of the HSF.
To deal with this problem, the balance between the isotropic and the anisotropic
parts must be properly controlled. In practice, tissue generally has a fiber dispersion.
In this condition, the fibers are placed not only in the fiber plane but in any directions
out-of the fiber plane, and the dispersion plays its role as isotropy. This implies that
in the exponential function characterizing the fibers, there must be a part which con-
tributes mechanical properties to all directions as an isotropic strain-energy function.
To this end, the overall model needs to be modified (adding new terms or based on
structure/histology of tissue) in a way such that the isotropic term becomes larger
and must be characterized by exponential functions. Unlike the MFH model, two
novel models based on the Fung-type potential discussed in the next chapter char-
acterize the fibers in all directions by adopting the principal Green-Lagrange strain
component E1 (out-of the fiber plane) in the exponential term. Thereby, it is able
to describe the fiber dispersion in order to remove/mitigate the numerical instability.
A further study by testing this modified Fung-type model for the numerical stability
should be carried out and is future work.
In summary, a model, which comprises a polynomial function representing the
isotropic matrix and an exponential function describing the anisotropic part, might
face the numerical instability. It is emphasized that the numerical instability of the
MFH has been studied for the first time, and the results are discussed in the next
chapter.
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Chapter 5
Novel strain-energy functions
based on the Fung-type model
In this chapter, the very well-known Fung-type model (Fung et al., 1979) for hyper-
elastic materials applied to biological soft tissues is presented in detail. In order to
conveniently adopt this model to applications associated with quantities measured in
the principal basis, the Fung-type model needs to be adequately modified. Besides,
from applications of isotropic materials (e.g. spleen and liver in this work), this
strain-energy function is combined with an isotropic one to form the modified Fung-
type model (MF). Subsequently, the first version MF1 of the MF can be employed
for general anisotropic materials. The stability of this model is thoroughly discussed.
The verification of the isotropic version of the MF1 is also carried out by numerical
examples in which the material constants are identified from experiments. This way
leads to a definition of Young’s modulus that is proposed to purposely characterize the
matrix term in the MF1. As a consequence, a physical constant is added to the MF1.
In order to overcome the numerical instability of the MFH described in Chapter 4, the
MF1 and the MF2 are formulated in terms of taking the fiber dispersion into account.
Physical meaning of their material constants is clarified more comprehensively. Nu-
merical results of these models show the improved performances and the numerical
stability.
5.1 The first modified Fung-type model
The Fung-type material model has been developed and widely used in biomechanics.
The model can be applied to general hyperelastic materials such as biological soft
tissues. However, in many cases such as applications of isotropic materials, it is
difficult to employ the model without any modifications or changes. This is due to
lacking shear components in the constitutive tensor, see Duong et al. (2012a). In this
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section, this circumstance is analyzed, and solutions are properly proposed in order
to achieve the first modified Fung-type model (MF1).
5.1.1 Fung-type orthotropic model
It is known that the Fung-type model is generally not elliptic (Wilber and Walton,
2002; Walton and Wilber, 2003). Therefore, the convexity of the Fung-type model
depends severely on the choice of the material parameters (Holzapfel et al., 2000) and
is discussed later in this chapter. The strain-energy function was firstly suggested
by Fung et al. (1979) and developed in a more general form by Humphrey (1995) as
W (E) = WFung + U(J), (5.1)
in which
WFung = C[exp(Q)− 1] = C[exp(E ·A ·E)− 1], (5.2)
where C has the dimension of a modulus; A contains the dimensionless material
parameters. The volumetric energy used for implementing the model into an FEM
package is defined as
U(J) = 12κ(J − 1)
2; κ = C3(1− 2ν) , (5.3)
where, the bulk modulus κ is chosen following linear elasticity theory. In the form of
Voigt’s notation the Green-Lagrange strain is written as a matrixE = [E11, E22, E33, 2E12,
2E23, 2E31]. Then Q is evaluated as
Q = ET ·A ·E = A11E211 + A22E222 + A33E233 + 2A12E11E22 + 2A23E22E33
+ 2A13E11E33 + 4A44E212 + 4A55E223 + 4A66E231.
(5.4)
Generally, experiments are often conducted in the principal basis due to simplicity
and low costs. In the principal basis, all of the shear strains are zeros, then (5.4)
becomes
Qani = A11E211 + A22E222 + A33E233 + 2A12E11E22 + 2A23E22E33 + 2A13E11E33. (5.5)
The form (5.5) is the most popular one of the Fung-type model because it is useful
for experimental setups.
5.1.2 Derivation of the first modified Fung-type model
The second Piola-Kirchhoff stress S is a matrix calculated from the energy function
as
S = ∂W
∂E
= 2C(AE)eQ. (5.6)
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In (5.6), for the sake of simplicity, only the term WFung is considered. The constitutive
matrix is the derivative of the second Piola-Kirchhoff stresses with respect to the
Green-Lagrange strain as
D = ∂S
∂E
= 2CAeQ + 4C(AE)⊗ (AE)eQ. (5.7)
It is also known that Schwarz’ theorem on the second derivative shows that D = DT .
In (5.7), the dyadic product ⊗ of two vectors a and b results in a matrix C as
a⊗ b = C. (5.8)
ConsiderA in (5.4), the form of the constitutive matrix expressed in (5.7) denotes the
physical meaning of the parameters in the Fung-type model which is unclear in the
work of (Holzapfel et al., 2000). This physical meaning is clearer if the small strain
theory is adopted (linear elastic theory). Thereby, the second term on the right hand
side of (5.7) is omitted. The constitutive matrix is now rewritten as
D = 2CAeQ. (5.9)
Matrix A6×6 contains nine parameters of the Fung-type model and has the form of an
orthotropic elasticity tensor containing only the dimensionless material parameters
as
A =

A11 A12 A13 0 0 0
A12 A22 A23 0 0 0
A13 A23 A33 0 0 0
0 0 0 A44 0 0
0 0 0 0 A55 0
0 0 0 0 0 A66

. (5.10)
For an orthotropic material, the stress-strain relationship has the form
S11
S22
S33
S12
S23
S31

︸ ︷︷ ︸
S
=

C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

︸ ︷︷ ︸
D

E11
E22
E33
2E12
2E23
2E31

.
︸ ︷︷ ︸
E
(5.11)
From (5.9) and (5.10) there is a direct relation between an elastic stiffness D = [Cij]
and a material parameter Aij. The material parameter Aij has the physical meaning
of the elastic stiffness Cij, but its magnitude is smaller than Cij by a factor of 2CeQ.
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If the Fung-type model with the exponent as in (5.4) is adopted, all components
of the constitutive matrix are defined. Moreover, for large deformation, three shear
components of the constitutive matrix can be fully derived from (5.7) as
C44 = 2CeQA44(1 + 8A44E212)
C55 = 2CeQA55(1 + 8A55E223)
C66 = 2CeQA66(1 + 8A66E231).
(5.12)
Alternatively, if the exponential model of (5.5) is employed, i.e. expressed in the
principal basis, the elements C44, C55, and C66 of the constitutive matrix are undefined.
Besides, from (5.12), clearly, A44 = A55 = A66 = 0 results in C44 = C55 = C66 = 0.
It means that these shear terms of the constitutive matrix are unestimated in the
principal basis. In the principal basis, E12 = E23 = E31 = 0, (5.12) shows that
three constitutive components C44, C55, and C66 are arbitrary functions of arbitrary
coefficients A44, A55, and A66, respectively. In contrast, the stress-strain relationship
is always defined for the isotropic material even in the principal basis (Crisfield, 1997)
as 
S11
S22
S33
S12
S23
S31

=

∂S11
∂E11
∂S11
∂E22
∂S11
∂E33
0 0 0
∂S11
∂E22
∂S22
∂E22
∂S22
∂E33
0 0 0
∂S11
∂E33
∂S22
∂E33
∂S33
∂E33
0 0 0
0 0 0 S11−S222(E11−E22) 0 0
0 0 0 0 S22−S332(E22−E33) 0
0 0 0 0 0 S33−S112(E33−E11)


E11
E22
E33
2E12
2E23
2E31

. (5.13)
As expressed in (5.11) and (5.13), for isotropic material, the shear terms C44, C55, and
C66 of the constitutive matrix are always determined both in a general Cartesian basis
or the principal basis. Therefore, if the Fung-type model is formulated in the principal
basis, then the simulation can be only performed by assigning positive values to these
terms for the reason of numerical stability. Ideally, these shear components are unable
to affect the numerical results since shear strains and shear stresses are equal to zero
in the principal basis. Nevertheless, in applications, such as radial expansion of a
cylindrical tube, if the linear-standard element is used (mostly used in chapters 6
and 7) then there are spurious shear strains. These shear strains cause shear locking;
hence, they severely influence the simulation. To solve the difficulty when using the
exponential model (5.5), the Fung-type model should be combined with an isotropic
one, such as proposed by Duong et al. (2012a), to yield
W (E) = WFung + U(J) +Wiso, (5.14)
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where Wiso stands for the isotropic strain-energy function. If the neo-Hookean model
is utilized in (5.14)
Wiso =
µ
2 (I1 − 3), (5.15)
with I1 = trC, and µ is equivalent to the small strain shear modulus. This isotropic
strain-energy function is polyconvex in order to guarantee the uniqueness of existence
solution for boundary-value problems (Balzani et al., 2006). Behaviour of soft tissues
can be determined by contributions of two different materials. The first is the matrix
that is active at the beginning of the deformation process. The second is a set of
collagen fibers that is only active in larger tensile deformation.
Recall the expression in (5.14), the isotropic strain-energy Wiso is associated with
the behavior of the matrix substance. The remaining energy WFung accounts for the
behavior of collagen fibers. This potential denotes a contribution of the mechanical
properties as an exponential function, which induces a much higher stiffness at large
strain, represented by tension of collagen fibers. Thus, the model must be tested for
the numerical stability as discussed in the previous chapter. The first version of the
Modified Fung-type Model (MF1) for 3D problems is therefore described as
W (E) = µ2 (I1 − 3) + C[exp(Q
ani)− 1] + U(J). (5.16)
Analysis and applications of the MF1 for 2D cases were carried out by Holzapfel and
Weizsa¨cker (1998). This model is exactly the same as the MFH by Holzapfel (2006),
except that the convexity of the model was investigated and explicitly formulated such
that the fibers can be only characterized in a 2D plane. As presented in the previous
chapter, in section 4.4, this model might be unable to avoid the numerical instability at
stretches of interest (physiological deformation range). Besides a general concluding
remark on the stability of the MF1 model for versatile hyperelastic materials, its
application on isotropic materials is also discussed in detail.
5.1.3 An isotropic version of the first modified Fung-type
model
In this section, an application for isotropic materials is investigated. Considering a
special case, adequate constraints are imposed on the orthotropic Fung-type model
so as to obtain an isotropic behaviour, which is called the isotropic version of the
MF1 (MF1-iso). This model is useful for biomaterials which do not show orthotropic
behaviour, such as porcine spleen and liver, see Tamura et al. (2002); Rosen et al.
(2008).
To acquire the MF1-iso, the orthotropic energy WFung withQani in (5.5) is modified
as follows. As A and D are symmetric, if A11 = A22 = A33 and A12 = A23 = A31,
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then the orthotropic energy WFung becomes isotropic. The exponential term (5.4)
can be rewritten as
Qiso = A11(E211 + E222 + E233) + 2A12(E11E22 + E22E33 + E11E33). (5.17)
Note that if the exponential term (5.5) is utilized then A44 = A55 = A66 = 0. This
exponential term has no effects on the entries C44, C55, and C66 of the constitutive
matrix since the values of C44, C55, and C66 are evaluated from the isotropic strain-
energy Wiso. Obviously, the Fung-type isotropic model in (5.14), (5.15) and (5.17)
is different from the Fung-type isotropic model presented by Delfino et al. (1997) for
carotid arteries
W (I1) =
a
b
{
exp
[
b
2(I1 − 3)
]
− 1
}
, (5.18)
where a > 0 is a stress-like material parameter and b > 0 is a non-dimensional
parameter.
5.1.4 Stability of the material model
It is claimed that the Fung-type model is generally not elliptic when no constraints on
the material parameters are imposed (Wilber and Walton, 2002; Walton and Wilber,
2003). Note that, the classical Fung model is generally not polyconvex (Itskov et al.,
2006). Herein, it is modified to overcome the ill-conditioning problem. It is needed
to impose the constraints on the material parameters in order to get the second
derivative to be positive definite. Hence, numerical stability (material stability) of the
simulations strongly depends on the chosen material constants. As a first constraint
derived from (5.9), the material parameter C should be positive to ensure the positive
definiteness of the elasticity tensor.
In general, an exponential function g(x) = exp(f(x)) is logarithmically convex
if f(x) is a convex function (Conway, 2001). Considering the case, where f is a
function of the Green-Lagrange strain matrix E, it was also pointed out by Federico
et al. (2008) that the necessary and sufficient condition for the strict convexity of a
Fung-type model is that its exponent Q is convex.
Isotropic case
Convexity of the MF1-iso is studied by investigating the exponent (5.17). It is obvious
that the convexity of WFung with respect to E is equivalent to the convexity of Q
with respect to E. Since the exponent Q is a quadratic function of E, see (5.4), A
is the Hessian matrix of Q. Thus, the exponent Q is convex if A is positive definite.
According to (5.17), A has a simple form (only non-zero entries are presented) defined
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Figure 5.1: Convexity of the Fung-type model for liver (Duong et al., 2012a).
as
A =

A11 A12 A12
A12 A11 A12
A12 A12 A11
 . (5.19)
Matrix A is symmetric, and hence, it is positive definite if all of its eigenvalues are
positive. Three eigenvalues of A in (5.19) are analytically calculated as
λ1 = λ2 = A11 − A12; λ3 = A11 + 2A12. (5.20)
Conditions for positive values of eigenvalues in (5.20) are
A11 > A12 and (A11, A12) > 0. (5.21)
In conclusion, the MF1-iso is stable if its material parameters satisfy conditions (5.21),
associated with C > 0. As shown in Figure 5.1, the considered model is clearly
convex. It can be clearly seen that the projections of the contours of constant W (E),
on strain planes, are convex. This illustrates that W (E) is locally convex. Because
the potential energy is isotropic, the contour plots are symmetric in the line which
bisects the coordinate axes. The model is known to be convex, but it might still be
subjected to the numerical instability known as the ill-conditioning problem in the
previous chapter. It is observed from (5.17) that the fibers act as another isotropic
term in the overall model (5.14). As a result, the model is perfectly immune from the
numerical instability. This is proven by numerical results in the following sections.
Anisotropic case
In the case of the orthotropic model, if the exponential term (5.5) is used then the
condition for a stable behaviour of the MF1 is that the following matrix is positive
definite
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A =

A11 A12 A13
A12 A22 A23
A13 A23 A33
 . (5.22)
When the MF1 is applied to anisotropic materials, it is unnecessary to derive ana-
lytical solutions of the characteristic equation of (5.22) explicitly. Owing to a curve
fitting, a set of material parameters is identified. It is convenient to check if A is
positive definite by examining its eigenvalues, or determinants of its sub-matrices. In
a more general case, when the exponential model (5.4) is used, the constraints on the
material parameters are obtained by requiring the matrix A in (5.10) to be positive
definite, i.e.
C > 0; (Aii, Aij) > 0; Aii > Aij; i, j = 1÷ 6. (5.23)
The constraints in (5.23) assure that all determinants associated with all sub-matrices
of A are positive. Matrix A is then positive definite. Herein, the conditions (5.23)
were presented to be valid for the case of the general Fung-type model for 3D
boundary-value problems with the exponential form in (5.5), including 8 parame-
ters. It is observed that the convexity conditions of the 2D versions of the Fung-type
model (Holzapfel, 2006; Sun et al., 2008) can be considered as 2D cases of the 3D
version discussed here.
As mentioned in section 4.4 in chapter 4, the MF1 is an extension of the MFH
presented by Holzapfel (2006). It is a very useful model for versatile materials and it is
able to avoid the numerical instability due to the principal Green strain component E1,
which indicates that the exponential term plays its role in every direction (out-of the
fiber plane, O23 is considered the fibre plane), i.e. they contribute their mechanical
properties in all directions. Thereby, the fiber dispersion is implicitly introduced to
reduce the strongly directional behavior (SDB) resulting from the extended fibers.
5.2 The second modified Fung-type model
By incorporating the capability of being immune from material instability into the
isotropic MF1-iso, a second novel Fung-type model (MF2) is proposed for treating
the ill-conditioning problem of the MFH (Holzapfel, 2006). This model is formulated
in terms of taking the fiber dispersion into consideration. Let us consider the MF1-
iso, this exponential strain-energy function can be used to model the fiber dispersion
when combined with the MFH model. On the other hand, the mechanical properties
contributed by the fibers are modeled by a 2D Fung-type model (Holzapfel, 2006). To
overcome the numerical problem caused by the shear terms of the constitutive matrix
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in the previous discussion, the neo-Hookean model is, therefore, adopted. To this
end, the proposed strain-energy function with the fiber plane in O23 is postulated as
W = Wiso(I1) +Wcoup(E),
Wiso(I1) =
µ
2 (I1 − 3), Wcoup(E) = C[exp{Q
coup(E)} − 1],
Qcoup = (1− ν1)Qiso + ν1Qfiber,
Qcoup = (1− ν1)
{
c1(E211 + E222 + E233) + 2c2 (E11E22 + E22E33 + E11E33)
}
+
+ ν1
{
c3E
2
22 + c4E233 + 2c5E22E33
}
.
(5.24)
Stability of the model
If the exponent Qcoup is convex then the proposed model is logarithmically convex
(Conway, 2001). The exponent Qcoup is a quadratic function of E therefore Acoup
(similar form as in (5.10)) is the Hessian matrix of Qcoup. Thus, if Acoup is positive
definite then the exponent Qcoup is convex. Specifically, Acoup is positive definite when
constraints on 8 material constants are rewritten as
0 ≤ ν1 ≤ 1, (µ,C, c1, c2, c3, c4, c5) > 0,
(1− ν1){(c21 − c22)(1− ν1) + c1c3ν1} > 0,∣∣∣∣∣∣∣∣∣∣∣∣
c1(1− ν1) c2(1− ν1) c2(1− ν1)
c2(1− ν1) c1(1− ν1) + c3ν1 c2(1− ν1) + c5ν1
c2(1− ν1) c2(1− ν1) + c5ν1 c1(1− ν1) + c4ν1
∣∣∣∣∣∣∣∣∣∣∣∣
> 0.
(5.25)
The constraints in (5.25) were conveniently checked after the material constants of the
model were obtained from the curve fitting process. Only the satisfying parameters
were utilized in the numerical example section.
In this manner, the material coefficients of the model become more meaningful
compared to those of the general Fung-type strain-energy function. Moreover, the
weighting coefficient ν1, which might be considered as a fiber dispersion factor, plays
an important role to balance the difference between the isotropic strain energy and
the anisotropic one. It is worth noting that if ν1 = 0 then the whole model becomes
fully isotropic or the MF1-iso. In contrast, by imposing ν1 = 1, the term Wcoup totally
turns into an anisotropic one, and the overall model becomes the MFH in chapter 4.
In this case, the model is subjected to the ill-conditioning problem. This material law
can be comparable to others taking the fiber dispersion into account (Gasser et al.,
2006; Ehret and Itskov, 2007). Note that this model is generally not polyconvex
(Itskov et al., 2006) and therefor has to be used with care. If the fiber directions
of the material are presented in a different plane of the Cartesian coordinate system
(e.g. O12 or O13) then the term representing the fiber Qfiber and Qcoup must be
correspondingly modified.
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5.3 Implementation of the novel Fung-type models
In order to implement a material model into a finite element package or any numerical
schemes, the expressions for the hyperelastic stress and the constitutive matrix are
required. In this section, the second Piola-Kirchhoff stress and the reference elasticity
matrix (constitutive matrix) are presented. Soft tissues are, in general, considered to
be incompressible or nearly incompressible. For the case of nearly incompressibility,
the elastic energy can be written as a function of the following modified deformation
tensor which are defined in (3.48) as
F¯ = J− 13F; C¯ = J− 23C, (5.26)
hence, the modified Green-Lagrange strain tensor is subsequently rewritten as
E¯ = 12(F¯
T F¯− I) = 12(C¯− I). (5.27)
Employing Voigt’s notation, the modified Green-Lagrange strain is expressed in the
matrix form as E¯ = [E¯11, E¯22, E¯33, 2E¯12, 2E¯23, 2E¯31]T , and the second Piola-Kirchhoff
stress matrix is evaluated as
S = ∂W
∂E
= ∂WFung
∂E
+ ∂U(J)
∂E
+ ∂Wiso
∂E
. (5.28)
Two terms, Siso and Svol, are derived from the isotropic energy and the volumetric
one, respectively. These acquired terms are available in literature, e.g. Holzapfel
(2000); Bonet and Wood (2008). The second Piola-Kirchhoff stress matrix, which is
calculated from the Fung-type strain energy function, is
SFung =
∂WFung
∂E
= ∂WFung
∂E¯
∂E¯
∂E
= 2CeQ(E¯A)∂E¯
∂E
, (5.29)
where
∂E¯
∂E
= ∂C¯
∂C
= J
− 23C
∂C
= J− 23 ∂C
∂C
+C ⊗ ∂J
− 23
C
= J− 23
(
I − 13C ⊗C
−1
)
(5.30)
with I the identity matrix of dimension 6× 6; C−1 a matrix that contains the
components of the tensor C−1 in the form of Voigt’s notation. The dyadic product
⊗ of two vectors M and N results in a matrix P as
M ⊗N = P with Pab = MaNb (a, b = 1÷ 6). (5.31)
The constitutive matrix is the second derivative of the energy function with respect
to the Green-Lagrange strain as
D = ∂
2W
∂E2
= DFung +Dvol +Diso. (5.32)
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The constitutive matrix contributed by the Fung-type potential is evaluated as
DFung =
∂2WFung
∂E2
= ∂SFung
∂E¯
= ∂SFung
∂E¯
∂E¯
∂E
= ∂
∂E¯
(
2CeQAE¯
) ∂E¯
∂E
= ∂E¯
∂E
[
2CeQ
(
A+AE¯ ⊗ ∂Q
∂E¯
)
∂E¯
∂E
+ 2CeQ(AE¯)⊗ ∂
∂E¯
(
∂E¯
∂E
)]
,
(5.33)
where
∂
∂E¯
(
∂E¯
∂E
)
= ∂
∂E¯
(
I − 13C ⊗C
−1
)
,
=
(
I − 13C ⊗C
−1
)
2∂E
∂E¯
∂J−
2
3
∂C
− 13J
− 23
[
∂C
∂E¯
C−1 + ∂C
−1
∂E¯
C−1
]
.
(5.34)
The derivatives in (5.33) are computed as
∂Q
∂E¯
= 2AE¯,
∂E
∂E¯
= ∂C
∂C¯
= ∂C
∂J−
2
3C
= J 23I,
∂J−
2
3
∂E¯
= 2∂J
− 23
∂C¯
= 2∂C
∂C¯
∂J−
2
3
∂C
= 2J− 23I 13J
− 23C−1 = 23IC
−1
∂C
∂E¯
= 2∂E
∂E¯
= 2J 23I,
∂C−1
∂E¯
= 2∂C
−1
∂C¯
= 2 ∂C
−1
∂(J− 23C)
= −2J 23C−1 C−1,
(5.35)
∂C−1
∂C
= −
(
C−1 C−1
)
∂C−1ij
∂Ckl
= −12
(
C−1ik C
−1
jl + C−1il C−1jk
)
, i, j, k, l = 1÷ 3.
(5.36)
The other constitutive matrices for isotropic and volumetric strain-energy functions
are available in literature and are derived in the same manner. These above quantities
are valid for the total Lagrange formulation. For the updated Lagrange formulation,
a push-forward step is further required.
5.4 Numerical examples
Numerical examples using the MF1 and the MF2 for isotropic and anisotropic ma-
terials are investigated in this section. The isotropic version of the MF1 is utilized
for modeling porcine abdominal organs. In general, at very low strain, the fibers in
tissue are not active, whereas the soft substrate is already bearing the load. This
initial process is characterized mainly by the neo-Hookean strain-energy function. At
small strain this function produces a stress-strain curve that is nearly linear and asso-
ciated with the shear modulus µ. At low strain, if the Young’s modulus can directly
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be quantified, then the shear modulus is straightforwardly determined for the MF1.
This leads to a new Young’s modulus definition presented in the following.
5.4.1 Young’s modulus definition
Young’s modulus is usually estimated from a linear portion of a stress-strain curve.
Especially, an initial stiffness of the stress-strain curve produced by the MF1 only
depends on the isotropic strain-energy function, e.g. the neo-Hookean part. It means
that stiffness is related to the shear modulus and the Young’s modulus in small strain
elasticity theory. Thus, an arising question is that if there is any convenient approach
to determine the Young’s modulus and to still ensure reasonable characterization of
tissues.
Moreover, Shore hardness can be roughly correlated to Young’s modulus. In fact,
Shore hardness is a measurement of the resistance of a material being penetrated by
a needle (with different tip geometry and size) under a defined force. In other words,
the hardness value is defined by the penetration of an indenter foot into the sample.
The higher the hardness, the greater is the resistance. Since hardness measurements
provide a local, rapid, convenient and nondestructive test method for solids, it is
helpful in preliminary design work and model building. Shore hardness is measured
by an apparatus known as durometer and consequently is also known as ”durometer
hardness”.
Sponagel et al. (2003) identified the engineering material constants for polymers
with a proposed modification of Shore hardness. Furthermore, it is possible to reflect
statements in breaking elongation and fatigue strength of polymers. Meththananda
et al. (2009) worked on dental elastomers to show that Young’s modulus can be
calculated from the hardness values in ranges of 1.1 ÷ 4.1MPa and 0.9 ÷ 4.3MPa.
These results are in good agreement with values derived from their tensile data.
Young’s modulus might be also estimated from an indentation test with a known
Poisson’s ratio (Zheng et al., 2009). Obviously, for various materials, non-destructive
hardness measurements can be used to determine Young’s modulus magnitude.
For rubber, the relationship between Shore hardness and Young’s modulus was
investigated by Gent (1958), who deduced the following semi-empirical equation based
on Hertz’s classical theory of indentation by a cylindrical indenter
E[kg/cm2] = 56 + 7.66s2.67r(254− 2.54s) , (5.37)
where E: Young’s modulus, s: Shore hardness, and r: the mean radius of the tip of
the indenter (r = (0.0635 + 0.0395)/2 [cm]). To express E in SI units when using the
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Figure 5.2: Relationship of Shore A and Shore OO.
mean radius r and the indenter of Shore A, Gent’s original formula is converted as
E[MPa] = 0.981(56 + 7.66s)0.137505(254− 2.54s) . (5.38)
Shore hardness is defined as a number from 0 to 100 on a scale, e.g. OO or A. The
OO scale is used for checking foam or animal tissues, and the A scale for soft rubber.
A durometer of type OO would be utilized to characterize the initial hardness of soft
tissues.
Equations (5.38) denotes Shore hardness in A scale. To apply the above equation
for calculating Young’s modulus of soft tissues, a conversion method between the two
scales is essentially required. The relationship of A scale and OO scale is given in a
tabular form (Rogers Corporation, 2001). This is inconvenient due to the discontin-
uous data. On the other hand, due to precise scales of hardness testers, for Shore
OO values smaller than 45, there are no correspondent values of Shore A. Based
on tabulated data (Rogers Corporation, 2001), a regression analysis was, hence, per-
formed to estimate a function that can approximately relate any value of Shore OO
to a correspondent value of Shore A. An exponential function is well fitted for this
relationship
y = 0.445exp(0.053x+ 0.011), (5.39)
where y is Shore A, and x is Shore OO. Figure 5.2 shows the approximate relationship
between Shore OO scale and A scale in both discontinuous (Rogers Corporation,
2001) and continuous form (5.39).
The Young’s modulus of soft tissues is evaluated by the relationship with Shore
(or ISO) hardness as given in (5.38). Subsequently, the shear modulus µ is computed
from the Young’s modulus as in linear elasticity. Therefore, these shear modulus
values were fixed during the curve fitting for liver and spleen. This method is very
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useful for testing in-vivo and makes the material coefficient become more meaningful.
That is still lacking in the general Fung-type model.
5.4.2 Characterization of abdominal organs
Specimen preparation
To adopt the mathematical model described above, material parameters were ob-
tained by conducting uniaxial tension tests on porcine spleen and liver. Four three-
month-old pigs with an average weight of 33.82±1.2 [kg] (mean± SD) were euthanized
and finalized at the Institute of Laboratory Animal Science - University Hospital of
RWTH Aachen after having been used in another experiment (Grottke et al., 2010).
Only post-mortem livers and spleens have been used. All organs were frozen at −18
◦C treated by a process that consists of a cycle of storage at room temperature
(RT = +20 ◦C to +25 ◦C, wetted with 0.9% physiological saline solution for prevent-
ing dehydration), freezing, thawing, storage in a refrigerator and finally RT again.
The tissue samples were cut along the longitudinal of organs (along lobes of liver;
along length of spleen) into rectangular shapes 50× 15 [mm] and the free test length
is 24 [mm]. Freezing may be treated as one type of preconditioning; hence, its effect
on the mechanical properties of spleen and liver tissues was negligible (Gao et al.,
2010). Eighteen spleen specimens and eighteen liver samples were extracted. All of
specimens were pre-loaded with force F = 0.05 [N ]; after preloading the specimens
were continuously loaded by a constant strain rate until failure. It is worth noting that
this preservation method significantly influences the tissue behavior; specifically, the
ultimate stretches of tissues remarkably decrease (Nguyen-Nhu et al., 2012). Further-
more, preservation of tissue by cooling also significantly reduces the ultimate values
of the stress-stretch curves for spleen tissue (Duong et al., 2015a).
Experimental setup
Uniaxial tension tests are adequate for investigating isotropic models quantitatively.
In literature, abdominal organs are considered as isotropic materials, see Liu and
Bilston (2002); Roan and Vemaganti (2007); Rosen et al. (2008). Hence, acquiring
tension test data is sufficient to describe the behavior of liver and spleen. A single
column testing machine Zwick/Roell Z0.5 (max. working load 0.5 [kN ]) is integrated
with a computer system, which synchronously records force-displacement data. To
avoid damaging the tissues during clamping, a manual torque screwdriver Type 8033
is used for controlling the clamping force. A Zwick ZCP 020 manual cutting press was
adopted for cutting specimens. In the in-vitro experiment the soft tissues undergo
finite deformation at a constant loading rate of 100 [mm/s].
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(a) Before test (b) After test
Figure 5.3: Uniaxial tension test of frozen liver.
Material parameter identification
To investigate the modified MF1-iso, material parameters (except of the shear mod-
ulus) were determined from a curve fitting using a non-linear least squares method.
Data analysis was performed in MATLAB - a mathematical software (The Math-
works, USA). In this case, a non-linear algorithm is utilized to minimize the function
f = 12
n∑
i=1
(σFi − σei )2, (5.40)
where σFi is the axial stress calculated from the MF1-iso and σei is the axial stress
calculated from the experiment at data point i; i = 1÷ n are the data points.
Since the curve fitting, in general, yields a non-unique set of material constants;
therefore, any constraints on these parameters would be certainly significant to im-
prove the physical behavior of the model. The curve fitting was separately performed
on each specimen by imposing the constraints (5.21), A11 > A12 and (A11, A12) > 0,
and the shear moduli are evaluated based on Shore hardness measurements.
Hardness testing
It is clearly seen that a physical material parameter-shear modulus µ was introduced
into the modified Fung-type model. Thanks to small strain theory, the shear modulus
was derived from the Young’s modulus as µ = E/2(1 + ν). Owning to the incom-
pressibility constraint of the materials, the Poisson ratio is ν = 0.5, thus µ = E/3.
Young’s modulus was estimated from Shore hardness, i.e. (5.38).
Shore hardness testing was carried out in accordance with ASTM D2240-86 and
ISO 868 using a OO durometer with a spherical tip. Note that the measured Shore
hardness increases inversely with thickness (Siddiqui et al., 2010), and measurements
obtained with a durometer on samples of less than the specified 6mm thickness give
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Figure 5.4: Secant method for porcine liver tissue.
erroneously high values. This error becomes larger as thickness decreases. Herein, the
measurements were taken at regular intervals more than 12mm from the edge of the
organs with thicknesses greater than 6mm. If the thickness is smaller than 6mm, the
measurements can be sufficiently valid when several layers of tissue are placed in a
superposition way to reach 6mm of thickness. Nevertheless, to elaborate the idea and
for simplicity, mechanical property differences inside the tissue along the thickness
direction of the specimens were ignored for the liver and the spleen at low strain.
By employing (5.38) and (5.39), the shear moduli of the liver and the spleen tissues
were evaluated as µLiver = 0.0760± 0.0078MPa and µSpleen = 0.0710± 0.0145MPa.
For reason of comparison, an interesting secant method to derive Young’s modulus
proposed by Holzapfel (2006) is illustrated in Figure 5.4. Holzapfel (2006) mentioned
that values obtained by this method may not be viewed as an intrinsic material
property of the tissue. Nevertheless, in the case of abdominal organs, the method
results in a higher Young’s modulus, and the values for the liver and the spleen tissues
at the low stiffness regions of the stretch-stress curves are of around 0.6 MPa, i.e.
the shear modulus is 0.2 MPa, see Figure 5.4.
5.4.3 Numerical tests using the MF1-iso for isotropic behav-
ior
Pure shear and uniaxial tension tests were employed for studying verification and
stability of the MF1-iso. Simulation results of all tests were correlated with the ex-
perimental results. It was proven in the current subsection that the model is immune
from the numerical instability (the ill-conditioning) presented in chapter 4 when the
shear modulus is adequately evaluated. The models were implemented in FEAP
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Table 5.1: Statistics of curve fitting process
Organ C A11 A12 µ
[MPa] [MPa]
Spleen Mean 2.669 0.300 0.294 0.071
SD 0.816 0.001 0.009 0.000
Liver Mean 1.198 0.605 0.590 0.076
SD 0.394 0.045 0.001 0.000
(a) Spleen (b) Liver
Figure 5.5: Curve fitting for uniaxial tension tests.
(Taylor, 2011) for 3D boundary-value problems using a mixed element.
Figure 5.5a shows the fitted curves for experimental data of eighteen specimens
of the spleen tissue. A good agreement is also demonstrated in Figure 5.5b for the
mean curve of the stress-stretch relationship for eighteen liver specimens. Error bars
stand for standard deviations from eighteen different tests, (ten points on the stress-
strain curves were chosen for the statistics). The material constants of the MF1-iso
obtained from curve fitting for liver and spleen are tabulated in Table 5.1.
Pure shear test
Without loss of general characteristics, a simple cubic element with size of 1 [mm]
was utilized in the simulations. The element was stretched along Ox with 100% strain
resulting in a compression along Oz since displacements along Oy were fixed. As a
result, the deformation gradient is defined as
F =

λx 0 0
0 1 0
0 0 1/λx
 . (5.41)
Based on (5.36), the problem considered is in plane stress (σz = 0) state. Hence,
the incompressibility condition is explicitly imposed (by using σz = 0). The predicted
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(a) Stress-stretch response (b) Stretch curves
Figure 5.6: Pure shear test of liver tissue.
Cauchy stresses can be calculated as
σz = 0⇒ p = Szλ2z; σx = Sxλ2x − p; σy = Syλ2y − p, (5.42)
where Sx, Sy and Sz are components of the second Piola Kirchhoff stress. p is the
hydrostatic pressure as discussed in chapter 3 for incompressible materials. A good
agreement in stress between the analytical and the numerical is obtained with Pois-
son’s ratio ν = 0.49996, see Figure 5.6a. In addition, the simulated stretch greatly
fits the analytical as depicted in Figure 5.6b. There is no numerical instability in
the example with the shear moduli obtained from experiments for spleen and liver
tissues.
Uniaxial tension test
In a sequence of simulations for demonstrating the verification and the performance
of the MF1-iso, uniaxial tension tests were carried out for both liver and spleen
tissues. Thanks to the symmetry of the problem, only one eighth of the specimen was
simulated. One end of the model is fixed in Ox and Oz, but it is imposed along Oy by
the mean ultimate stretch values obtained from the experiments, i.e. λmax = 1.29 and
λmax = 1.33 for liver and spleen tissues, respectively. The other end is subjected to a
symmetric boundary condition in Oy. By increasing the number of elements in the
mesh, it is found that the FEM solutions converge when simulated by 2268 elements
with 200 load steps. The thickness (along Ox direction) of the specimen is meshed
by 3 elements. In Oy (axial) and Oz (high) directions the model is discretized into
42 and 18 elements, respectively.
The simulation results were extracted from the element at the middle of the geo-
metrical model due to homogenous stresses and strains. Figure 5.7a shows that the
numerical results are stable and in good agreement with the analytical curve. It can
be clearly seen that the obtained results are mostly close to the exact solutions. In
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(a) Spleen (b) Liver
Figure 5.7: Simulation of uniaxial tension tests.
order to check the ill-conditioning problem (observed by unphysical behavior), the
test was performed on the liver sample at relatively high stretch (λmax = 1.8), see
Figure 5.7b. As expected, there is still a good agreement between the FEM and the
analytical for the thickness displacement. Figure 5.7b exhibits the simulated curve of
thickness displacement gradually decreasing due to the incompressibility constraint.
This means that there are no phenomena such as fiber rotation that makes the spec-
imen thicker at the mid-length (Gasser et al., 2006). This is reasonable because the
MF1-iso here is fully isotropic; hence, no differences between the isotropic component
and the anisotropic term were observed as discussed in chapter 4. Consequently, the
model behaves physically at high strain. To generally investigate the role of the neo-
Hookean strain energy in the MF1, two sets of material constants were obtained from
fitting with the very small shear moduli; set 1: C = 2.213, A11 = 0.600, A12 = 0.590,
and set 2: µ = 0.0001 and the fitted data set C = 1.183, A11 = A12 = 0.600 (weak
convexity), and µ = 0.100. However, the simulations with those sets for the uniaxial
tension tests are unable to converge due to numerical instability. For the former set
1, the numerical instability can be explained by considering the constitutive com-
ponents; C44, C55, and C66 are only calculated from the neo-Hookean strain-energy
function as discussed in the previous section. In this case the shear modulus was too
small. This results in too small values of these constitutive components. Thereby, the
constitutive matrix is severely ill-conditioned, leading to the unconverged solution.
For the latter set, a convexity condition is very weak and the isotropic Fung-type
model is not elliptic and is subjected to material instability. As a result, the overall
model MF1-iso is unstable. In addition, when imposing the condition A11 < A12 the
fitted data set was very poor and its simulations failed (not plotted here). In conclu-
sion, the physically identified values of the shear moduli of the liver and the spleen
ensure stable numerical simulations close to the realistic behavior of the tissues.
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(a) Spleen (b) Liver
Figure 5.8: Uniaxial tension test of frozen porcine liver.
Figure 5.9: Curve fitting combined two uniaxial tension tests.
5.4.4 Numerical tests utilizing the MF1 for anisotropic ma-
terials
The MF1 is adopted to characterize the adventitia with the fiber plane indicated by
the coordinate O23 corresponding to Oθz. The radial direction Or is now expressed
as O1. Since the MF1 consists the exponential component in terms of E1 (out of the
fiber plane O23) that can decrease the unbalance between the isotropic energy and
the anisotropic part contributing mechanical properties only in the fiber plane. This
implies that the fiber dispersion is similar to the one of the MF2. It undoubtedly
leads to an enhanced numerical simulation, and the model stability is assured. To
prove that it significantly improves the numerical stability compared to the MFH
(section 4.4 in chapter 4), the uniaxial tension test was carried out. Similarly, the
constants of the MF1 for anisotropic materials were identified by fitting to the exper-
imental data for the artery from literature, e.g. Holzapfel et al. (2005). The fitted
parameters achieved are tabulated in Table 5.2 and satisfy the convexity constraints
(5.23), see Figure 5.9. As shown in Figure 5.10a, no numerical instability is found for
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Table 5.2: Fitted parameters for the MF1 of the artery
Model µ1[kPa] C[kPa] A11 A22 A33 A12 A23 A31
MFH 22.722 0.185 180.082 373.143 245.052 - - -
MF1 22.722 0.062 324.416 273.400 373.143 231.357 245.052 143.054
(a) Cauchy stress: MFH, FM1 and analytical (b) Stretches: MFH, FM1 and analytical
Figure 5.10: Uniaxial tension test: Comparison between MFH and MF1.
the MF1 in the physiological range of stretch due to a very good agreement between
the simulated stress and the analytical one. Contrarily, the stress (mostly linear)
in the circumferential direction Oθ of the artery using the MFH deviates from the
analytical solution at the stretch of 1.135. Subsequently, an unrealistic response oc-
curs and is observed in Figure 5.10b in which the simulation using the MFH has the
thickness thickening shown as the radial stretch increasing at a certain load. It is
obvious that the MF1 can ensure the numerical stability in the physiological defor-
mation range of the tissue, whereas the MFH is unable to satisfy this; hence, it clearly
suffers from the material instability.
In addition, the material constants of the MF1 still bear no physical meaning as
inherited from the general Fung-type model. Besides the tension test, for a compres-
sion test, the fitted curve using the MF1 is mostly reasonable compared to the one
using the neo-Hookean model as illustrated in Figure 5.11b. This material law is able
to characterize isotropic materials (e.g. livers) in which the stress-stretch relation is
highly nonlinear and must be described by exponential functions. In this compres-
sion test, the HSF can be employed but the ill-conditioning may likely occur as in
the tension tests.
It is worth noting that the isotropic term in the MF1 can be replaced by the
Mooney-Rivlin model but its material stability must also be considered before use.
The MF1 model is very useful for low-cost experiments in which it might be unable to
obtain the fiber directions and the dispersion of fibers (Holzapfel et al., 2000; Gasser
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(a) Experimental
setup for compres-
sion tests (b) MF1 for fitting compression test
Figure 5.11: Curve fitting for compression test.
et al., 2006) due to experimental limits. According to the stable and precise results,
the MF1 is apparently applicable to general biological soft tissues.
5.4.5 Numerical results adopting the MF2
Similar to the case utilizing the MF1, the enhancement of numerical stability for
the MFH can be also achieved by employing the MF2. Specifically, tension tests
and uniaxial compression tests using the MF2 and the MFH in the physiological
deformation range of the tissue are presented in this subsection.
Uniaxial tension and equi-biaxial tests
In these tests, the material constants for the MF2 and the MFH were obtained from
the curve fitting to the adventitial data (Holzapfel et al., 2005), see Figure 5.12a,
Table 5.3. To prevent the an ill-conditioning problem of the stiffness matrix at high
value of Poisson’s ratios (0.4996 < ν < 0.5), the Uzawa algorithm for an augmented
Lagrangian method is used for all numerical tests Taylor (2011). Up to date, the
difference between the simulations of hyperelastic models with and without this al-
gorithm can be found in the work of Duong et al. (2015c).
In the uniaxial tension test, the numerical results adopting the MF2 are more
accurate than those of the MFH, see Figure 5.13a. The stretch and Cauchy stress
computed for the MF2 are not influenced by the ill-conditioning problem and are
in a good agreement with the analytical ones. In the equi-biaxial test, Figure 5.14
shows a perfect agreement between the numerical results and the analytical ones of
the adventitial layer with a thickness of 3.4 [mm] (Holzapfel et al., 2005).
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(a) Fitted curves for the adventitia (b) Fitted curves for an intestine
Figure 5.12: Curve fitting for MF2 and the neo-Hookean models in uniaxial tension
and compression tests.
Table 5.3: Fitted parameters for MF2 model of the artery
Model µ1[kPa] C[kPa] c1 c2 c3 c4 c5 ν1
MFH 22.722 0.185 180.082 373.143 245.052 - - -
MF2 22.722 0.062 200.000 400.000 225.353 546.447 200.000 0.746
(a) Cauchy stresses: MFH, MF2, and analytical (b) Stretches: MFH, MF2 and analytical
Figure 5.13: Simulated results for the uniaxial tension test.
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(a) Cauchy stress (b) Thickness simulation of the specimen
Figure 5.14: Numerical simulation of an equi-biaxial tension test using MF2.
(a) Cauchy stresses (b) Incompressibility condition of MF2
Figure 5.15: Numerical results of the uniaxial compression test for the neo-Hookean
model and MF2.
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Table 5.4: Fitted parameters for the MF2 in the uniaxial compression test of the
intestine
Model µ1[kPa] C[kPa] c1 c2 c3 c4 c5 ν1
neo-Hookean 0.981 - - - - - - -
MF2 0.020 0.416 5.388 5.227 70.0 8.0 6.0 0.001
Figure 5.16: Combined fitting for equi-biaxial and compression tests.
Uniaxial compression test
In medical applications such as a stapled colorectal end-to-end anastomosis, tissues
can be compressed to a strain of 37.2% (Nova´cˇek et al., 2012). The uniaxial compres-
sion test needs to be investigated at the corresponding ultimate stretch of 0.65 since
the experimental stress-stretch curve exhibits high nonlinearity, see Figure 5.15a. In
the uniaxial compression test for an intestinal specimen of porcine, fitted parame-
ters for the neo-Hookean and the MF2 are depicted in Table 5.4. The fitted curves
denote that it is nearly an isotropic behavior with a small ν1 = 0.001. Since there
is only one data set used, the fitted curve is just for a demonstration purpose. In
addition, the MFH and the HSF models can be utilized in this test case for porcine
intestines. As these potentials consist of no fiber dispersion terms, their numerical
solutions might be severely affected by the ill-conditioning issue as observed in the
extension tests. The simulation results employing the model for this experiment are
plotted in Figure 5.15. Obviously, the numerical results are in a perfect agreement
with the analytical ones.
Equi-biaxial tension test combined with a compression test
To obtain the material constants for this test case, the curve fitting process of the
MF2 was performed on data generated from an equi-biaxial test combined with a
compression test utilizing Model 6 in chapter 4, Figure 5.16. The fitted coefficients
are tabulated in Table 5.5. In the compression test based on the coordinate system
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Table 5.5: Fitted parameters for MF2 in a combination of a biaxial and a compression
tests
Model µ1[kPa] C[kPa] c1 c2 c3 c4 c5 ν1
MF2 22.722 0.062 321.000 400.000 194.510 380.000 200.000 0.661
(a) Cauchy stresses (b) Stretches
Figure 5.17: FEM and analytical solutions in compression and equi-biaxial tension
tests.
Orθz, the displacements along Oθ are fixed, and a prescribed displacement in Or is
applied. The numerical solutions achieved are illustrated in Figure 5.17. Obviously,
there is a perfect agreement between the numerical results and the analytical ones.
The large improvement in numerical stability of the case using the MF2 for anisotropic
materials is obtained, and this model not only exhibits an enhanced performance but
ensures material stability.
The MF2 is very useful to characterize arteries, intestines, and fiber-reinforced
materials. The coefficients of the material law become more meaningful compared to
those of the Fung-type potential. The fiber dispersion constant in particular helps
to clarify the mechanical contributions of both isotropic and anisotropic terms. In
conclusion, the MF2 is applicable to any kind of tissue showing anisotropy. However,
the interaction between the fibers and the matrix as well as the load transferred
between them should be described in order to comprehensively analyze the ultimate
values of stretch and stress (fracture of material), for example, in linear cases, see
dilute composites by Andrianov et al. (2008, 2010).
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Chapter 6
Growth modeling of soft tissues
In this chapter, modeling of stress-induced finite growth in soft tissues is presented. An
isotropic growth and a transversely isotropic growth models (volume mass growth) are
analyzed in the framework of the constitutive modeling in detail. Hence, the stretch
ratios in the growth tensors are introduced as internal variables at the integration
point level in the finite element setting. Numerical results using the standard FEM
are also given and a suggested approach using the smoothed FEM (SFEM) is shortly
discussed.
6.1 Introduction
The theory of growth and remodeling for biological soft tissues has been continuously
being developed for years. The following terminologies (Taber, 1998; Hariton et al.,
2007) are briefly presented:
Growth: Changes in mass and geometry
Remodeling: Rearrangement of the mircrostructure
Morphogenesis: Rearrangement of the microstructure and shape
Specifically, definitions by Taber (1998) is considered:
Growth
which is defined as added mass, can occur through cell division (hyperplasia), cell
enlargement (hypertrophy), secretion of extracellular matrix, or accretion at external
or internal surfaces. Atrophy (negative growth) can occur through cell death, cell
shrinkage, or resorption. In most cases, hyperplasia and hypertrophy are mutually
exclusive processes. Depending on the age of the organism and the type of tissue, one
of these two growth processes dominates. Growth that occurs in response to changing
demands on tissues and organs is called adaptive growth.
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Remodeling
involves changes in material properties. These changes, which often are adaptive, may
be brought about by alterations in modulus, internal structure, strength, or density.
For example, bone and heart muscle may change their internal structures through re-
orientation of trabeculae and muscle fibers, respectively. Furthermore, in a weightless
environment, bone may lose both stiffness and mass density.
Remodeling of biological soft tissue consisting of fibers embedded in a soft matrix
(muscle) (for example ureters, arteries and intestines) arises from changes in mechan-
ical properties due to variations in collagen content, reorientation, type of fibers and
fiber thickness as well as variations in muscle dimension. Furthermore, as presented
by Hariton et al. (2007), while the fundamental form of the biological tissue is en-
coded in the genes, its final structure and functionality are optimized according to its
mechanobiological environment. In this functional adaptation of the biological tissue
the mechanical environment, such as active factors as exercise and training or passive
factors caused by growth of bone, play a key role.
Research on soft tissue concerning remodeling has been done for years, for example,
remodeling of soft tissue due to cell activity using a viscoelastic-diffusion model was
performed by Yi (2012). The development of this remodeling model is presented in
applications for articular cartilage replacement (Stoffel et al., 2009a, 2012). However,
the growth models in this thesis do not concern remodeling, therefore remodeling is
not considered in this thesis.
The basic theory of growth presented in this thesis is mainly based on the work
by Lubarda and Hoger (2002); Kuhl and Steinmann (2003); Himpel et al. (2005); Men-
zel (2007). Firstly, the governing equations consisting of kinematics, balances laws,
and the constitutive framework of finite growth are sequentially reviewed. Secondly,
the numerical implementation of an isotropic and a transversely isotropic growth
models into a standard FEM program is described. Finally, the simulation results
are discussed in more detail and simulation of growth in an SFEM setup is shortly
discussed..
6.2 Kinematics and balance laws of finite growth
Let Ω0 be the reference configuration of the reference sample, which is assumed to
be stress free. Let us define the deformation map ψ, mapping the reference material
point X of a material particle in the configuration Ω0 to its current point x in the
spatial configuration Ω. Then
F = Gradψ(X, t) (6.1)
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Figure 6.1: Multiplicative decomposition of deformation gradient F
into growth Fg and elastic Fe parts.
is a material deformation gradient that relates an infinitesimal reference element dX
from Ω0 to dx in the deformed configuration Ω at time t. In Figure 6.1, the interme-
diate (growth) configuration Ωg is obtained by instantaneous elastic de-stressing of
the current configuration Ω to zero stress (Lubarda and Hoger, 2002). The mass of an
infinitesimal volume element in Ω0 is dm0. The mass of the corresponding elements
in Ωg and Ω is dm.
Multiplicative decomposition
The multiplicative decomposition of the deformation gradient into its elastic and
growth parts is (Lubarda and Hoger, 2002)
F = Fe · Fg det(Fg) 6= 1; det(Fe) = 1. (6.2)
In (6.2), det(Fg) 6= 1 since growth does not require volume preservation (Humphrey,
2002). The current velocity gradient L and its growth counter part Lg, see Figure 6.1,
are defined as
L = Dt(F) · F−1 = F˙ · F−1 = F˙e · F−1e + Fe · F˙g · F−1g · F−1e
Lg = Dt(Fg) · Fg−1 = F˙g · F−1g ,
(6.3)
where the notation Dt{•} or ˙{•} abbreviates the material time derivative and is
formulated as
Dt{•} = ∂t{•}|X = ∂t{•}|x +∇{•} · v, (6.4)
in which ∂t{•}|x is the spatial time derivative at fixed spatial placement x, v =
Dtψ(X, t), and ∇{•} · v is the convective part (Kuhl, 2004). The Green-Lagrange
strain tensors associated with the deformation gradients Fe and Fg are
Ee =
1
2(Fe
T · Fe − I) = 12(Ce − I)
Eg =
1
2(Fg
T · Fg − I) = 12(Cg − I)
(6.5)
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The total Green-Lagrange strain tensor is
E = 12(F
T · F− I) = 12(C− I) = Eg + Fg
T · Ee · Fg. (6.6)
In (6.5) and (6.6) Ce, Cg and C are the right Cauchy-Green strain tensors which are
evaluated from the deformation gradients Fe, Fg and F, respectively.
It is well known that in classical continuum mechanics the amount of material in a
fixed reference volume typically is unable to change no matter how the body is moved,
deformed or accelerated (Kuhl et al., 2003). Nevertheless, in the theory of growth, this
mass is no longer a conserved quantity. Therefore, transformations of the important
quantities of the different configurations must be performed. Herein, the scalar value
ρ0 signifies the reference density of a mass element. Its counterpart in the current
and in the growth configurations are denoted by ρ and ρg, respectively (Himpel et al.,
2005). A volume element in the reference configuration is dV0, its counterparts in
the current and the growth configurations are dV and dVg, respectively. Besides, the
Jacobian J = det(F) of the total deformation gradient, the Jacobian terms Je and Jg
of the elastic and the growth deformation gradients, respectively, are introduced as
Jg = det(Fg) =
dVg
dV0
; Je = det(Fe) =
dV
dVg
= dV
dV0
dV0
dVg
= J
Jg
. (6.7)
The determinant of F is the product of the determinants of Fg and Fe, i.e. J = JeJg.
From (6.7) the volume elements are written in different forms
dV = JdV0; dVg = JgdV0; dV = JedVg. (6.8)
Balance of mass
The balance of mass and the balance of momentum for an open system in thermody-
namics are the general equations (Kuhl, 2004). Thus, both the balance of mass and
the balance of momentum must be solved simultaneously or sequentially in growth
simulations (Kuhl et al., 2003), leading to a requirement of modifying the stiffness
matrices. The balance of mass for an open system is
DivR+R0 =
dρ0
dt
, (6.9)
whereR is the mass flux vector, R0 is the mass source per unit volume in the reference
configuration. Cell migration can be incorporated phenomenologically through the
mass fluxR. On the other hand, the mass source R0 can incorporate phenomena such
as increased cell growth, cell division or cell enlargement (Kuhl et al., 2006). The
balance of mass can be referred to as the ’biological equilibrium’ or the ’homeostatic
equilibrium’ (Kuhl et al., 2003). Without loss of generality, a mass flux through the
surface of the considered mass element is neglected in the following discussion (Kuhl
et al., 2006).
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Balance of momentum
The differential equations of motion are derived from the first Euler’s law of motion of
the continuum with the usual form as in conventional continuum mechanics (Lubarda
and Hoger, 2002)
∇ · σ + ρb = ρdv
dt
. (6.10)
From (6.9) and (6.10), the balance of mass and the balance of momentum have the
similar form, which are derived based on the balance laws. The material form of the
differential equations of motion is
∇0 · (F · S) + ρ0b0 = DivP + ρ0b0 = ρ0g
dv
dt
, (6.11)
where S denotes the second Piola-Kirchhoff stress and the nominal stress (first Piola-
Kirchhoff stress) P is related to the nominal traction T by T = N · P, where N
is the unit normal vector to the surface Γ0 bounding the reference volume Ω0. The
nominal traction T is composed of two terms as
T = T closed + T¯ open, (6.12)
in which apart from the classical term in continuum mechanics Tclosed, the addi-
tional growth-dependent contribution T¯open is taken into account (Kuhl et al., 2003).
Similarly, the body force is expressed as
b0 = bclosed0 + b¯
open
0 . (6.13)
The balance of momentum is typically referred to as the ’mechanical equilibrium’
(Kuhl et al., 2003). This equation of the open system in thermodynamics implies
that the growth tensor Fg (or its determinant Jg) leads to volume changes and then
in turn causes mass changes. The balance of mass signifies that mass changes result
from changes in density represented by the mass flux R and the source R0 (Kuhl
et al., 2003).
Density transformation
The reference mass element of an infinitesimal volume is obtained as
dm0 = ρ0dV0. (6.14)
The mass of the corresponding element in the configurations Ωg and Ω is
dm = ρgdVg = ρdV. (6.15)
The grown mass element dm (Himpel et al., 2005) consists of the reference mass
element dm0 and the mass produced by the mass source R0 (mass flux R is ignored)
during the growth time [t0, t] as
dm = dm0 +
 t∫
t0
R0dt
 dV0 = ρ0dV0 +
 t∫
t0
R0dt
 dV0. (6.16)
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In the intermediate configuration, the mass element can also be written as dm =
ρgdVg. Since the deformation mapping from the intermediate configuration to the
current configuration is purely elastic, the mass element expressed in terms of the
current quantities is dm = ρdV . Therefore, the transformation of the density from
the current to the intermediate state is obtained as
ρg =
ρdV
dVg
= ρJe. (6.17)
Furthermore, the density of the grown mass element in the reference configuration is
defined as
ρ¯0 = Jρ = Jgρg. (6.18)
Noting that while ρ0 is the initial density at time t = t0 of a mass element in the
reference configuration, ρ¯0 is the density in the reference configuration too, but of the
grown mass element.
Substituting (6.8), (6.14), (6.15), and (6.16) into (6.18) yields
ρ¯0 = ρ0 +
t∫
t0
R0dt. (6.19)
This emphasizes that the density of the grown mass element consists of the reference
density and a production term taking the mass source into account.
Essential balance equations
The material time derivative of (6.19) results in the well-known local balance of mass
(continuity equation) in the reference configuration
˙¯ρ0 = R0 = r0g , (6.20)
where r0g is also called the time rate of mass growth per unit reference volume (Lubarda
and Hoger, 2002). The physical interpretation of the integral on the right-hand side
of (6.20) is available as
t∫
0
r0gdτ =
(dm)t − (dm)0
dV 0
. (6.21)
Substituting (6.18) and (6.3) into (6.20) gives the local balance of mass in the inter-
mediate configuration
ρ˙g + ρgtrLg = J−1g R0, (6.22)
with
˙¯ρ0 = Dt(Jgρg) = J˙gρg + Jgρ˙g = JgtrLgρg + Jgρ˙g, (6.23)
where J˙g (Himpel et al., 2005) is evaluated from Euler’s equation for the derivative
of a determinant as
J˙g = ∂FgJg : F˙g = JgFg−T : F˙g = JgtrLg. (6.24)
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Current form of continuity equation
Besides, the continuity equation (6.22) can be expressed in the current configuration
for alternative use, in which the current density ρ should be used instead of ρ¯0.
Insertion of (6.17) and (6.3) into (6.20) yields
ρ˙+ ρtrL = J−1R0 = rg, (6.25)
where rg is the time rate of the mass growth per unit current volume (Lubarda and
Hoger, 2002) and r0g = Jrg. For rg > 0 mass growth occurs, and for rg < 0 mass
resorption (atrophy or negative growth) takes place. Equation (6.25) is rewritten as
dρ
dt
(dV ) + ρ d
dt
(dV ) = rgdV. (6.26)
Since the volume rate is proportional to the divergence of velocity field (Lubarda and
Hoger, 2002)
d
dt
(dV ) = ∇ · vdV, (6.27)
the continuity equation for the continuum with a growing mass (6.25) can be rear-
ranged as
ρ˙+ ρ∇ · v = rg, (6.28)
where the velocity v represents the rate and direction of motion at each point in the
mass during growth. It is useful when the growth formulation is presented in terms
of velocity fields embodying the continuous growth rate rather than discrete changes
(Rodriguez et al., 1994). At initial state, before deformation and mass growth ρ = ρ0
(reference mass density). For isochoric (volume preserving) deformation and growth
∇ · v = 0; → ρ˙ = rg. (6.29)
For an incompressible material that deforms (ρ = ρ0), (6.28) yields
ρ˙ = 0; ∇ · v = 1
ρ
rg. (6.30)
Noting that ∇·v = 0 is the incompressibility condition in the conventional continuum
mechanics.
Elastic stress response
Let us consider an isothermal deformation and growth process, in which the set of
structural tensors A0 describes the state of elastic anisotropy in both the reference
and intermediate configurations, see (3.42) and (6.49). For simplicity, it is assumed
that the state of elastic anisotropy remains unaltered during growth and deformation
(i.e. fiber directions unchanged). Thus, the elastic strain energy per unit current
mass (Lubarda and Hoger, 2002) that is then given by a function of the elastic strain
Ee and the tensors A0, read as
Ψ(Ee,A0, ρ¯0) = Ψ(F−Tg · (E− Eg) · F−1g ,A0, ρ¯0). (6.31)
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The stress tensor Se is introduced such that Se : dEe is the increment of elastic work
per unit unstressed volume in the configuration Ωg. Since ρgΨ is the elastic strain
energy per unit unstressed volume, the expression is rewritten as
Se : dEe =
∂(ρgΨ)
∂Ee
: dEe; Se =
∂(ρgΨ)
∂Ee
. (6.32)
Thus, the corresponding Kirchhoff stress is
τ e = Fe · Se · FTe = Fe ·
∂(ρgΨ)
∂Eg
· FTe . (6.33)
In addition, the strain energy per unit reference volume in the configuration Ω0 is
ρ¯0Ψ, and
S : dE = ∂(ρ¯0Ψ)
∂E : dE; S =
∂(ρ¯0Ψ)
∂E . (6.34)
Because Ψ is an explicit function of E, see (6.31), the partial differentiation can be
rewritten as
S = ∂(ρ¯0Ψ)
∂E =
∂(ρ¯0Ψ)
∂Ee
: ∂Ee
∂E = F
−1
g
∂(ρ¯0Ψ)
∂Ee
F−Tg . (6.35)
Thereby, the corresponding Kirchhoff stress is
τ = F · S · FT = F · ∂(ρ¯0Ψ)
∂E F
T = Fe · ∂(ρ¯0Ψ)
∂Ee
· FTe . (6.36)
Diverse cases for mass change
It is obvious that mass changes can come from either changes of volume by the growth
deformation gradient Fg or from densification by changes of density (6.20). There
are three cases, which must be distinguished, inducing a mass change (Himpel et al.,
2005). First, the density is required to be unchanged, so for a mass change, the
volume must change. Second, the volume is kept constant such that the density must
vary. Third, both the density and the volume can change.
a) Density preservation
The assumption of density preservation from the reference state to the intermediate
configuration, i.e. ρ0 = ρg = const, implies that the volume of the mass element has
to change in order to generate a mass change (Himpel et al., 2005). This effect of
a volume change is denoted as growth if the volume increases or as atrophy if the
volume decreases (Taber, 1998). Substituting the density preservation into the local
balance of mass (6.21) yields the mass source
R0 = JgρgtrLg = Jgρ0trLg. (6.37)
Obviously, the mass source can directly be determined if the growth deformation
gradient Fg and its time rate F˙g are given. The density preservation is thus suitable
for soft tissues (Kuhl et al., 2006). In contrast, it is inadequate for hard tissue. For
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instance, bone is a porous material; its density also depends on external stimuli such
as exercises or training, etc.
b) Volume preservation
In the volume preserving growth, namely dVg = dV0 = const, the density of the mass
element has to change to induce a mass change. This effect is called remodeling.
Therefore, the determinant of the growth deformation gradient must be Jg = 1 for
this case
Fg = I⇒ F = Fe. (6.38)
However, this case is no longer considered in this thesis since it is only adequate for
hard tissue (e.g. bone).
c) Volume and density change
For the third case of mass change, both the volume and the density are allowed to
vary. Thus, growth or atrophy and remodeling take place. To obtain a complete
description of this model an additional assumption is strongly required to be made
(Himpel et al., 2005).
6.3 Constitutive equations
Constitutive equations describing the characteristic response of a particular material
must be evaluated. Consider a material, a set of structural tensors representing
the state of elastic anisotropy in the reference, the intermediate and the current
configurations are denoted by Ai0, Aig and Ai, i = 1, 2 (i is i-th fiber family, see (6.49)),
respectively. A mass specific strain-energy function Ψ in terms of the volume-specific
strain energy functions (W0, Wg, and W ) is defined as (Menzel, 2007)
Ψ = W0
ρ¯0
= Wg
ρg
= W
ρ
,
with W0(Fe,Ai0) = JgWg(Fg,Aig) = JW (F,Ai),
(6.39)
where W0, Wg and W are volume-specific strain-energy functions in the reference,
the intermediate and the current configurations, respectively. The elastic strain en-
ergy per unit current mass is then given by a function of the elastic strain Ee (or
its invariants) and the tensors Ai0, i.e. Ψ(Ee,Ai0, ρ¯0). Generally, the strain-energy
density functions are usually formulated in terms of the overall deformation gradi-
ent F, the growth tensor Fg, the structure tensor Ai0 and the density ρ¯0 such as
Ψ = W0(F,Fg,Ai0, ρ¯0) (Lubarda and Hoger, 2002; Himpel et al., 2005; Kuhl et al.,
2006; Menzel, 2007). Herein, it is more convenient to manage the strain-energy func-
tions which are described in terms of the invariants of the elastic right Cauchy Green
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tensor I1 = tr(Ce), I3 = det(Ce), I4 and I6 as
Ψ(I1, I4, I6, J) = Ψani(I4, I6) + Ψiso(I1), (6.40)
where:
- Ψiso(I1) is the isotropic strain energy. If the compressible neo-Hookean model is
used (Bonet and Wood, 2008), Ψiso(I1) is rewritten as
ρ¯0Ψiso(I1) =
µ
2 (I1 − 3)− µln(Je) +
λL
2 ln
2(Je), (6.41)
where µ = E2(1+ν) is equivalent to the small strain shear modulus; λL =
Eν
(1+ν)(1−2ν) is
equivalent to the small strain Lame´’s first parameter; Je = det(Fe).
- Ψani(I4, I6) is the anisotropic strain-energy, for example in (4.2), (4.3), or (4.17)
(the proposed model). Alternatively, if the modified Fung-type models are considered,
then the anisotropic strain-energy functions in (5.16) and (5.24) might be employed
and the characterization of fibers in terms of the principal Green strain components
of the vector E might be required. It is also known that there are so far no appli-
cations adopting the Fung-type models for growth simulations. It is worth noting
that a compressible model must be utilized in such a way that the material can grow.
Thereby, the volumetric energy U(J), which enforces the incompressibility condition,
is ignored. The second Piola-Kirchhoff stress tensor in the material configuration is
written as
S = 2∂W0
∂C = 2
∂(ρ¯0Ψ)
∂C = 2ρ¯0
∂(Ψ)
∂C . (6.42)
Using the push forward operation to the growth configuration on Se yields
Se = Fg · S · FTg = 2ρ¯0Fg ·
∂Ψ
∂C · F
T
g = 2ρ¯0
∂Ψ
∂Ce
= Se,iso + Se,ani, (6.43)
where the split in (6.40) is understood. The stress in (6.43) keeps the form of passive
and active responses. The isotropic part of the second Piola-Kirchhoff stress (6.43)
is calculated as
Se,iso = 2ρ¯0
∂Ψiso(I1)
∂Ce
= µ(I1 −C−1) + λLln(Je)C−1. (6.44)
The anisotropic term of the second Piola-Kirchhoff stress (6.43) is evaluated as (see
more details in chapter 4)
Se,ani = 2ρ¯0
∂Ψani(I4, I6)
∂Ce
. (6.45)
The constitutive tensor C is then defined as
C = 2 ∂Se
∂Ce
= 2∂(Se,iso + Se,ani)
∂Ce
. (6.46)
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The constitutive tensor of the isotropic part is written as
Ciso = 2
∂Se,iso
∂Ce
= 2
[
− ∂C
−1
e
∂Ce
µ+ λL
(
∂lnJe
∂Ce
⊗C−1e + lnJe
∂C−1e
∂Ce
)]
,
= λLC−1e ⊗C−1e + (µ− λLlnJe)I,
(6.47)
where
∂lnJe
∂Ce
= ∂lnJe
∂Je
∂Je
∂Ce
= C
−1
e
2 ,
∂C−1e
∂Ce
= −I with its entries IIJKL = 12(C
−1
e,IKC
−1
e,JL + C−1e,ILC−1e,JK).
(6.48)
The anisotropic component of the constitutive tensor is computed as in chapter 4,
section 4.1.
6.3.1 Transversely isotropic growth for orthotropic materials
Figure 6.2 shows the fiber directions denoted by two vectors ai0 (i = 1, 2) used for
presenting anisotropic materials with two fiber families in the reference configuration.
All fibers are assumed to be mechanically equivalent so that the bisectors of the
angles between a10 and a20 are the planes of elastic symmetry. The material is thus
elastically orthotropic and has the principal axes of orthotropy in directions c0, n0,
and m0 = c0 × n0 in Figure 6.2 and the structural tensors are defined as
Ai0 = ai0 ⊗ ai0 i = 1, 2. (6.49)
The orthotropic material possessing two fiber families embedded in a soft matrix
(Holzapfel et al., 2000; Duong et al., 2012b) has the mass growth that is equal in the
planes parallel to a10 and a20. As a result, the overall growth is transversely isotropic
with the axis of isotropy parallel to a10 ⊗ a20 with the unit vector m0 defined earlier.
Specifically, the form of this mass growth (Lubarda and Hoger, 2002) is
Fg = υI + (ζ − υ)m0 ⊗m0. (6.50)
Alternatively, it is convenient to use a notion M0 = m0 ⊗m0 for later use. The
determinant of the deformation gradient Fg is evaluated Jg = ζυ2. Obviously, Fg ·
m0 = ζm0, so that the growth stretch ratio in the direction m0 is ζ, while υ is
the growth stretch ratio in any orthogonal direction. Since m0 is a unit vector, the
inverse of the growth deformation tensor has the form as
F−1g =
1
υ
I +
(
1
ζ
− 1
υ
)
m0 ⊗m0. (6.51)
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Figure 6.2: Unit vectors indicating fiber directions and the fiber angle; coordinates
showing the principal axes of orthotropy.
In addition, the corresponding velocity gradient in the intermediate configuration can
be written as
Lg = F˙gF−1g =
υ˙
υ
I +
(
ζ˙
ζ
− υ˙
υ
)
m0 ⊗m0. (6.52)
By employing the relation ζm = F ·m0, the substitution of (6.50) into Fe = F ·F−1g
yields the explicit expression for the elastic part of the deformation gradient
Fe = FF−1g =
1
υ
F +
(
1
ζ
− 1
υ
)
F(m0 ⊗m0)
Fe = FF−1g =
1
υ
F +
(
1− ζ
υ
)
m⊗m0.
(6.53)
By using the push forward transformations, the structural tensor in other configura-
tions can be achieved as
Aig = Fg ·Ai0 · FTg and Ai = F ·Ai0 · FT . (6.54)
The role of Aig in the strain-energy function W0(Ce) apparently enables the modeling
of the orthotropic elastic response. Furthermore, it is clearly observed from (6.54)
that the structural tensors Aig in general vary even for the fixed fiber directions
ai0 since Aig is a function of the growth tensor or growth stretch ratios. From the
physical point of view, the non-constant contributions ζ and υ are interpreted as the
fiber weighting factors, fiber diameters or rather fiber strengths (Menzel, 2007). This
interpretation is also reflected by the incorporated deformation measure Ce since the
elastic stretches at the fixed total deformation Fe = F · F−1g decrease for increasing
values of ζ and υ.
The elastic strain energy per unit reference volume can be formulated as a function
of both the elastic deformation tensor Ce and the structural tensor Ai0,
W0 = ρ¯0Ψ = ρ¯0Ψ(Ce,Ai0, ρ¯0). (6.55)
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The Kirchhoff stress is
τ e = 2Fe · ∂ρ¯0Ψ
∂Ce
· FTe . (6.56)
Thus, the second Piola-Kirchhoff stress is computed as
Se = F−1e · τ e · F−Te = 2
∂ρ¯0Ψ
∂Ce
with τ e = Jeσ. (6.57)
In the case of elastically incompressible material, the Cauchy stress becomes
σ = −pI + τ e
J
, (6.58)
where p is the hydrostatic pressure.
Evolution equations for stretch ratios
Evolution equations for the stretch ratios ζ and υ need to be specified for completing
the constitutive formulation. They are given in terms of isotropic scalar functions of
the stress tensor Se and the fiber vectors a10 and a20. The evolution equations of the
stretch ratios are assumed to be obtained by including in the list of arguments their
current values as (Lubarda and Hoger, 2002)
υ˙ = fυ{ζ, υ, 12(S
e
a10
+ Sea20),
1
2
[
trSe − 12
(
Sea10 + S
e
a20
)]
},
ζ˙ = fζ
[
ζ, υ, Sem0 ,
1
2
(
trSe − Sem0
)]
.
(6.59)
The normal component of the second Piola-Kirchhoff stress Se in the direction m0 is
Sem0 = m0 · Se ·m0 ≡ Seζ , (6.60)
while 12(trSe − Sem0) represents the average normal stress in the plane perpendicular
to m0, i.e. planes parallel to (a10,a20). The normal stress Sem0 in the direction m0 and
the average normal stress in the plane perpendicular to m0 are believed to have a
dominant mechanical effect on the change of the stretch ratio ζ (Lubarda and Hoger,
2002). The average normal stress in the fiber directions is
1
2
(
Sea10 + S
e
a20
)
= 12
(
a10 · Se · a10 + a20 · Se · a20
)
≡ Seυ, (6.61)
and the other stress term in (6.61) is
1
2[trSe −
1
2(S
e
a10
+ Sea20)]. (6.62)
The stresses Sea10 and S
e
a20
in (6.60) and (6.61) are believed to have a dominant me-
chanical effect on the stretch ratio υ (Lubarda and Hoger, 2002). Furthermore, the
normal stress in the direction of the fiber can be written in terms of the Cauchy stress
σ as
ai0 · Se · ai0 = Jeaˆi · σ · aˆi. (6.63)
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This form derives from (6.57) and the identity ai0 ·F−1e = ai0 ·b−1e = aˆi. In the simplest
case, the rates of the stretch ratios depend linearly on the stress components, such
that
υ˙ = kυ(υ){Seυ − νυ[trSe − Seυ]},
ζ˙ = kζ(ζ){Seζ − νζ [trSe − Seζ ]},
(6.64)
where νζ and νυ are constants, or functions of ζ and υ. For the sake of simplicity,
these constants are normally assigned as
νζ = νυ =
1
2 . (6.65)
In order to prevent an unlimited growth at an arbitrary non-zero state of stress, it is
proposed that during the mass growth kζ(ζ) is formulated by
kζ(ζ) = k+ζ0
(
ζ+ − ζ
ζ+ − 1
)m+
ζ
for Seζ >
νζ
1 + ζ trSe, (6.66)
where ζ+ > 1 is the limiting value of the growth stretch ratio ζ that can be reached
by mass growth, and k+ζ0 and m
+
ζ0 are the material parameters. In the case of mass
resorption, the corresponding expression is
kζ(ζ) = k−ζ0
(
ζ − ζ−
1− ζ−
)m−
ζ
for Seζ <
νζ
1 + ζ trSe. (6.67)
Similarly, kυ(υ) is written as
kυ(υ) = k+υ0
(
υ+ − υ
υ+ − 1
)m+υ
for Seυ >
νυ
1 + υ trSe, (6.68)
where υ+ > 1 is the limiting value of the growth stretch ratio υ that can be achieved
by mass growth, k+υ0 and m
+
υ0 are the material parameters. In the case of mass
resorption, the corresponding form is
kυ(υ) = k−υ0
(
υ − υ−
1− υ−
)m−υ
for Seυ <
νυ
1 + υ trSe. (6.69)
6.3.2 Isotropic growth for orthotropic materials
Growth of orthotropic materials (e.g. arteries) is often modeled by transversely
isotropic or orthotropic growth laws due to their material anisotropy. For exam-
ple, consider the investigation of growth assumptions for arteries by Taber (1998),
in which the arteries also show two fundamentally different growth patterns; wall
thickening due to increased pressure and cavity enlarges with slightly increased wall
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thickness due to increased flow (fluid shear stress). For simplicity, the growth of ar-
teries (orthotropic materials) can be characterized by the isotropic growth model. If
the growth is isotropic, the expression for the growth part of the deformation gradient
due to isotropic mass growth is
Fg = υI (6.70)
and the determinant of the deformation gradient Fg is calculated by Jg = υ3.
The inverse of the growth deformation tensor has the explicit form
F−1g =
1
υ
I. (6.71)
In addition, the corresponding velocity gradient in the intermediate configuration can
be written as
lg = F˙gF−1g =
υ˙
υ
I (6.72)
Fe = FF−1g =
1
υ
I. (6.73)
Evolution equations for stretch ratios
The evolution equations for the stretch ratio υ are given in terms of isotropic scalar
functions of the stress tensor Se and the strain tensor Ce. The evolution equation of
the stretch ratio is assumed to be obtained by including in the list of arguments its
current values as
υ˙ = fυ{υ, tr(Se ·Ce)}. (6.74)
In the simplest case, the rate of the stretch ratio depends linearly on the trace of
stress and strain in the intermediate configuration (Himpel et al., 2005), such that
υ˙ = kυ(υ)tr(Se ·Ce). (6.75)
To prevent an unlimited growth at an arbitrary non-zero state of stress, it is proposed
that during the mass growth (Lubarda and Hoger, 2002)
kυ(υ) = k+υ0
(
υ+ − υ
υ+ − 1
)m+υ
for tr(Se ·Ce) > 0, (6.76)
where υ+ > 1 is the limiting value of the growth stretch ratio υ that can be attained
by mass growth, and k+υ0 and m+υ are the material parameters. In the case the mass
resorption, the corresponding expression is
kυ(υ) = k−υ0
(
υ − υ−
1− υ−
)m−υ
for tr(Se ·Ce) < 0. (6.77)
In contrast to Lubarda and Hoger (2002), who chose stretch ratios depend linearly
on the second Piola-Kirchhoff stresses as (6.64), Himpel et al. (2005) and Kuhl et al.
(2006) prefer the driving force, which is the Mandel stresses Me = Se ·Ce since Me
is energetically conjugated to the growth velocity gradient Lg.
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6.3.3 Transversely isotropic growth for transversely isotropic
materials
A transversely isotropic mass growth law is able to reasonably characterize a trans-
versely isotropic material, e.g. muscle with a bundle of longitudinal fibers. The unit
vector specifying the fiber orientation is denoted by a0 in the reference configuration
Ω0. The intermediate configuration Ωg is defined with the same fiber orientation with
respect to the fixed frame of reference. The isotropic growth deformation gradient
is defined by assuming that the fibers are embedded in the material (Lubarda and
Hoger, 2002), this is ensured by defining Fg such that a0 is one of its eigendirections,
i.e.,
Fg · a0 = ηga0. (6.78)
An infinitesimal fiber segment in the configuration Ω is parallel to the vector a =
Fe · a0, obtained from a0 by elastic stretching and rotation (Lubarda and Hoger,
2002).
Transversely isotropic mass growth
The expression for the growth part of the deformation gradient due to transversely
isotropic mass growth (Lubarda and Hoger, 2002) is
Fg = υI + (ζ − υ)a0 ⊗ a0. (6.79)
The equation (6.79) is similar to the transversely isotropic mass growth for orthotropic
material (6.50), except the direction of a0. The difference in growth direction leads
to different formulae for the growth stretch ratios. Specifically, Fg · a0 = ζa0 so that
the growth stretch ratio in the fiber direction is ζ, while υ is the growth stretch ratio
in any orthogonal direction. The inverse of the growth deformation tensor is
F−1g =
1
υ
I +
(
1
ζ
− 1
υ
)
a0 ⊗ a0. (6.80)
On the other hand, the growth velocity gradient can be evaluated as
Lg = F˙gF−1g =
υ˙
υ
I +
(
ζ˙
ζ
− υ˙
υ
)
a0 ⊗ a0. (6.81)
Substituting (6.79) into Fe = F · F−1g gives an explicit expression for the elastic part
of the deformation gradient (ζa = F · a0)
Fe =
1
υ
F +
(
1
ζ
− 1
υ
)
F(a0 ⊗ a0)
Fe =
1
υ
F +
(
1− ζ
υ
)
a⊗ a0.
(6.82)
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Evolution equations for stretch ratios
The constitutive formulation is completed by specifying appropriate evolution equa-
tions for the growth stretch ratios υ and ζ. The evolution equations for the stretch
ratios υ and ζ must be given in terms of isotropic scalar functions of the stress tensor
Se and the structural tensor A0 = a0⊗a0 (Lubarda and Hoger, 2002). The evolution
equations of the stretch ratios are assumed to be obtained by including in the list of
arguments their current values as
υ˙ = fυ[ζ, υ, Sea0 ,
1
2(trSe − S
e
a0)],
ζ˙ = fζ [ζ, υ, Sea0 ,
1
2(trSe − S
e
a0)].
(6.83)
The normal component of the second Piola-Kirchhoff stress Se in the direction of
the fiber is Sea0 = a0 · Se · a0 , while 12(trSe − Sea0) represents the average normal
stress in the plane perpendicular to the fiber. These two stresses are believed to have
a dominant mechanical effect on the transversely isotropic mass growth (Lubarda
and Hoger, 2002). Note that the normal stress in the direction of the fiber can be
expressed in terms of the Cauchy stress σ as
a0 · Se · a0 = Jeaˆ · σ · aˆ. (6.84)
This follows from (6.57) and the identity a0 · F−1e = a0 · b−1e = aˆ. In the simplest
case, the rates of the stretch ratios depend linearly on the stress components, such
that
υ˙ = kυ(υ){Sea0 − νυ[trSe − Sea0 ]}
ζ˙ = kζ(ζ){Sea0 − νζ [trSe − Sea0 ]},
(6.85)
where νζ and νυ are constants, or functions of ζ and υ. For the sake of simplicity,
these constants are chosen as
νζ = νυ =
1
2 . (6.86)
To prevent an unlimited growth at an arbitrary non-zero state of stress, it is proposed
that during mass growth
kζ(ζ) = k+ζ0
(
ζ+ − ζ
ζ+ − 1
)m+
ζ
for Sea0 >
νζ
1 + ζ trSe, (6.87)
where ζ+ > 1 is the limiting value of the growth stretch ratio ζ that can be attained
by mass growth, and k+ζ0 and m
+
ζ0 are the material parameters. In the case of mass
resorption, the corresponding expression is
kζ(ζ) = k−ζ0
(
ζ − ζ−
1− ζ−
)m−
ζ
for Sea0 <
νζ
1 + ζ trSe. (6.88)
Similar expressions hold for the function kυ(υ) in (6.76) and (6.77).
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6.4 Numerical implementation
In this section, the major quantities, which are formulated for a numerical implemen-
tation in the framework of constitutive level in a finite element setting, is presented.
6.4.1 Application to density preservation
The goal of this subsection is to restrict the problems to soft-tissue growth. Generally,
the growth model of density preservation, i.e. ρ0 = ρ = const, is considered appropri-
ate for soft tissues. Therefore, this model is adopted in this chapter and implemented
into the FEM source code. By employing density preservation, the mass source is
written as
R0 = JgρgtrLg = Jgρ0trLg. (6.89)
The grown density in the material configuration, see (6.16), can be expressed as
ρ¯0 = Jρ = Jgρg = det(Fg)ρg. (6.90)
From (6.90) it is clear that the spatial density ρ depends on Fg or on the growth
stretch ratios for density preservation.
6.4.2 Elasticity tensor in the intermediate configuration
In the numerical framework, two different finite element techniques for biomechanical
growth processes are considered to be consistent: a node-based approach and an
integration point-based approach. The node-based approach is based on a monolithic
simulation. This means that the density is treated as an independent field which
can be determined simultaneously with the deformation field (both balance of mass
and momentum are simultaneously solved). In contrast, the point-based approach
is based on a partitioned staggered solution strategy. This means that the balance
of mass can be evaluated locally on the integration point level, while the balance of
momentum for deformation is solved globally. To this end, the density is introduced as
an internal variable at the integration point level (Kuhl et al., 2003). In this chapter,
the point-based approach was employed. Consequently, the constitutive framework
is the core to implement the growth laws.
Since the material model is formulated with respect to the intermediate configura-
tion, the corresponding tangent modulus is defined in terms of stresses and strains in
the intermediate configuration, for instance, with the Piola-Kirchhoff stresses Se in
(6.57) and the elastic Cauchy-Green tensor Ce. In the following, constitutive tensors
are specifically computed for the growth models presented above:
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1. For transversely isotropic growth (for both orthotropic and transversely
isotropic materials)
Ce = 2
dSe
dCe
= 2
(
∂Se
∂Ce
+ ∂Se
∂ζ
⊗ ∂ζ
∂Ce
+ ∂Se
∂υ
⊗ ∂υ
∂Ce
)
= C+ 2
(
∂Se
∂ζ
⊗ ∂ζ
∂Ce
+ ∂Se
∂υ
⊗ ∂υ
∂Ce
)
,
(6.91)
where C is the elasticity tensor that has been defined in (6.46). The derivatives
of Se with respect to the growth stretch ratios (ζ, υ) (transversely isotropic
growth) are obtained by the chain rule as
∂Se
∂ζ
= ∂Se
∂Ce
: ∂Ce
∂ζ
= 12Ce :
∂Ce
∂ζ
∂Se
∂υ
= ∂Se
∂Ce
: ∂Ce
∂υ
= 12Ce :
∂Ce
∂υ
.
(6.92)
When the growth law is specified as Fg given in (6.50), the derivatives ∂Ce∂ζ and
∂Ce
∂υ
in (6.92) are evaluated as follows
∂Ce
∂ζ
=
∂(F−Tg ·C · F−1g )
∂ζ
= 1
ζ2
(
M0 ·C · F−1g + F−Tg ·C ·M0
)
∂Ce
∂υ
=
∂(F−Tg ·C · F−1g )
∂υ
= 1
υ2
[
(I−M0) ·C · F−1g + F−Tg ·C · (I−M0)
]
,
(6.93)
where M0 = m0 ⊗m0, see Figure 6.2.
The computation of the growth stretch ratio derivatives with respect to elastic
right Cauchy strain Ce in (6.91) is not straightforward since solely the evolution
of the growth stretch ratio is known, but not the growth stretch ratio itself.
Thus, an implicit Euler backward scheme was utilized to evaluate the growth
stretch ratio at the spatial time step (Himpel et al., 2005).
For the first stretch ratio ζ:
The stretch ratio ζ is formulated at each time step as
ζn+1 = ζn + ∆ζn+1 = ζn + ζ˙n+1∆t. (6.94)
The derivative of (6.94) with respect to the elastic right Cauchy tensor is written
as
∂ζn+1
∂Ce
= ∂ζn
∂Ce
+ ∂ζ˙n+1
∂Ce
∆t = 0 + ∂ζ˙n+1
∂Ce
∆t. (6.95)
For the sake of clarity, the index (n+1) is dropped for the time step in the fol-
lowing discussion. By using the chain rule (ζ˙ = ζ˙(ζ), see (6.64)), the derivative
in (6.95) is then calculated as
∂ζ
∂Ce
=
(
∂ζ˙
∂Ce
+ ∂ζ˙
∂ζ
∂ζ
∂Ce
)
∆t. (6.96)
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Solving the above equation for the derivative of the stretch ratio with respect
to the right Cauchy strain tensor yields
∂ζ
∂Ce
= ∂ζ˙
∂Ce
∆tN−1, (6.97)
where
N = 1− ∂ζ˙
∂ζ
∆t = 1− ∂[kζ(1.5S
e
ζ − 0.5trSe)]
∂ζ
∆t
= 1−
[
∂kζ
∂ζ
(1.5Seζ − 0.5trSe) + kζ
∂(1.5Seζ − 0.5trSe)
∂ζ
]
∆t,
(6.98)
with Seζ = m0 · Se ·m0, see (6.60).
One has to recall (6.68) and (6.69) to distinguish between the mass growth and
the mass resorption for the partial derivative of the coefficient with respect to
the growth stretch ratio (6.98),
∂kζ
∂ζ
=
m+ζ
ζ − ζ+kζ(ζ) for S
e
ζ >
νζ
1 + ζ trSe
∂kζ
∂ζ
=
m−ζ
ζ − ζ−kζ(ζ) for S
e
ζ <
νζ
1 + ζ trSe,
(6.99)
∂trSe
∂ζ
= ∂(I : Se)
∂ζ
= I : ∂Se
∂ζ
, (6.100)
∂Seζ
∂ζ
= ∂m0 · Se ·m0
∂ζ
= m0 · ∂Se
∂ζ
·m0 = M0 : ∂Se
∂ζ
, (6.101)
where ∂S
e
ζ
∂ζ
is obtained from (6.92). The first term on the right hand side of
(6.97) can directly be determined as
∂ζ˙
∂Ce
= kζ(ζ)
∂[1.5Seζ − 0.5trSe]
∂Ce
= kζ(ζ)
[
3
2
∂Seζ
∂Ce
− 12
∂(I : Se)
∂Ce
]
= kζ(ζ)
[
3
2
∂Seζ
∂Ce
− 14I : C
]
,
(6.102)
where Seζ = S11. Herein, the current coordinate system O123 is correspondent
with the principal axes of orthotropy (m0, c0, and n0, are the unit vectors of
O1, O2 and O3, respectively), see Figure 6.2. Consider ∂Sij
∂Ce in a matrix form as
∂Sij
∂C11
∂Sij
∂C12
∂Sij
∂C13
∂Sij
∂C21
∂Sij
∂C22
∂Sij
∂C23
∂Sij
∂C31
∂Sij
∂C32
∂Sij
∂C33
 = 12

Cij11 Cij12 Cij13
Cij21 Cij22 Cij23
Cij31 Cij23 Cij33,
 (6.103)
where Cijkl = 2 ∂Sij∂Ckl with i, j, k, l = 1..3.
For the second stretch ratio υ:
The computation of the growth stretch ratio υ is similar to the evaluation of
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ζ in equations from (6.94) to (6.103). It is worth noting that some of the
derived equations in this calculation have a different form, for example, Seυ =
1
2
(
Sea10
+ Sea20
)
and its derivative with respect to υ is
∂Seυ
∂υ
= 12
∂(Sea10 + S
e
a20
)
∂υ
= 12
∂(a10 · Se · a10 + a20 · Se · a20)
∂υ
= 12
(
a10 ·
∂Se
∂υ
· a10 + a20 ·
∂Se
∂υ
· a20
)
= 12
(
A10 :
∂Se
∂υ
+A20 :
∂Se
∂υ
)
,
(6.104)
where ∂Seυ
∂υ
is derived in a similar manner to ∂S
e
ζ
∂ζ
in (6.92). Similar to the stretch
ratio ζ in Equation 6.97 and Equation 6.102, ∂υ˙
∂Ce can directly be evaluated.
Note that the term Seυ is now given in a different form as
Seυ =
1
2
(
Sea10 + S
e
a20
)
= 0.5(a10 · Se · a10 + a20 · Se · a20) = cos2(α)S22 + sin2(α)S33.
(6.105)
Hence, the derivative of Seυ with respect to Ce can be written as
∂Seυ
∂Ce
= cos2(α)∂S22
∂Ce
+ sin2(α)∂S33
∂Ce
. (6.106)
Finally, the elasticity-growth tensor (6.91) becomes
Ce = C+ Cζ + Cυ, (6.107)
where
Cζ = 2
∂Se
∂ζ
⊗ ∂ζ
∂Ce
; Cυ = 2
∂Se
∂υ
⊗ ∂υ
∂Ce
. (6.108)
Note that the elasticity-growth tensor in (6.107) comprises two main parts, the
elasticity tensor C as in the passive response and active response and the growth
tensors (Cζ + Cυ) that relate to the remodeling of the material. Furthermore,
the growth tensors (Cζ + Cυ) are not symmetric because they are generated
from the tensor products of different tensors. Subsequently, asymmetric solvers
are required for this computation.
2. For isotropic growth of orthotropic (or isotropic) materials, the elas-
ticity tensor in this case is evaluated as
Ce = C+ 2
∂Se
∂υ
⊗ ∂υ
∂Ce
(6.109)
because Fg is given in (6.70), the derivative ∂Ce∂υ is written as
∂Ce
∂υ
=
∂(F−Tg ·C · F−1g )
∂υ
= − 1
υ2
[
I ·C · F−1g + F−Tg ·C · I
]
= −2 1
υ
Ce. (6.110)
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Similar to the case of transversely isotropic growth, by applying the uncondi-
tionally stable implicit Euler backward scheme, the growth stretch ratio itself
is calculated at the spatial time step as
υn+1 = υn + ∆υn+1 = υn + υ˙n+1∆t. (6.111)
The derivative of equation (6.111) with respect to the elastic right Cauchy-Green
tensor is identified as
∂υn+1
∂Ce
= ∂υn
∂Ce
+ ∂υ˙n+1
∂Ce
∆t = 0 + ∂υ˙n+1
∂Ce
∆t. (6.112)
It is convenient to drop the index (n+1) presenting the time step in next for-
mulation. It is clear that υ˙ = υ˙(υ,Se,a10,a20), see (6.75). Hence, by applying
the chain rule, the derivative in (6.112) is evaluated as
∂υ
∂Ce
=
(
∂υ˙
∂Ce
+ ∂υ˙
∂υ
∂υ
∂Ce
)
∆t. (6.113)
Solving the above equation for the derivative of the stretch ratio with respect
to the right Cauchy strain tensor yields
∂υ
∂Ce
= ∂υ˙
∂Ce
∆tN−1, (6.114)
where
N = 1− ∂υ˙
∂υ
∆t = 1− ∂[kυtr(Se ·Ce)]
∂υ
∆t
= 1−
[
∂kυ
∂υ
tr(Se ·Ce) + kυ ∂tr(Se ·Ce)
∂υ
]
∆t,
(6.115)
with
∂tr(Se ·Ce)
∂υ
= ∂tr(M)
∂υ
= ∂(I : M)
∂υ
= I :
(
∂Ce
∂υ
· Se + ∂Se
∂υ
·Ce
)
. (6.116)
Similar to the calculation of the growth stretch ratio ζ in equations from (6.94)
to (6.102), the correspondent evaluation for the growth stretch ratio υ can be
established. Finally, the elasticity-growth tensor (6.91) becomes
Ce = C+ Cυ, (6.117)
where
Cυ = 2
∂Se
∂υ
⊗ ∂υ
∂Ce
. (6.118)
Similarly, it is emphasized that equation (6.118) is asymmetric.
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6.4.3 Incremental updates of the stretch ratios
In this section, the incremental updates for the stretch ratios in the case of transversely
isotropic growth are presented without loss of generality. Obviously, the strains (6.93),
the stresses (6.92), and the elasticity tensor (6.91) depend on the stretch ratios at
any time step. Since (ζ, υ) are introduced as internal variables, the implicit Euler
backward scheme is used to compute the stretch ratios at a time step (Kuhl et al.,
2003), hence the residuals are formulated as
Rζ = −ζ + ζn + ∆ζ = −ζ + ζn + ζ˙∆t
Rυ = −υ + υn + ∆υ = −υ + υn + υ˙∆t.
(6.119)
These residuals must vanish in the solution point. The evolution terms ζ˙ and υ˙ are
evaluated as in (6.64). Since these equations are nonlinear, the unknown increments
∆ζ and ∆υ are solved by employing the Newton-Raphson method. To this end,
(6.119) is expressed in terms of a Taylor series at (ζ, υ) as
Rn+1ζ = Rnζ +
∂Rnζ
∂ζ
∆ζ = Rnζ −
[
1− ∂ζ˙
n
∂ζ
∆t
]
∆ζ = 0
Rn+1υ = Rnυ +
∂Rnυ
∂υ
∆υ = Rnυ −
[
1− ∂υ˙
n
∂υ
∆t
]
∆υ = 0.
(6.120)
Solution of these equations yields the increments of the growth stretch ratios written
in explicit forms
∆ζ = RnζM−1
∆υ = RnυN−1,
(6.121)
where M = −∂R
n
ζ
∂ζ
=
[
1− ∂ζ˙n
∂ζ
∆t
]
and N = −∂Rnυ
∂υ
=
[
1− ∂υ˙n
∂υ
∆t
]
are defined in (6.98).
Finally, in each iteration of the Newton-Raphson loop, the growth stretch ratios are
updated until a convergence criterion is reached
ζ = ζn + ∆ζ
υ = υn + ∆υ.
(6.122)
The growth models were analyzed in the constitutive framework and implemented in
the finite element programs. In the next chapter, it is integrated into a farely new
method so-called SFEM, and the numerical results are depicted in chapter 7.
The numerical implementation can be presented in a general algorithm for the
three growth laws as follows
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General algorithm for growth simulation
1. History data Internal variables: υn or/and ζn
2. Initialize Compute Fe = F · F−1g , υ = υn or/and ζ = ζn
3. Check loading
If Seζ >
νζ
1+ζ trSe or tr(Se ·Ce) > 0 for tension (mass growth)
If Seζ <
νζ
1+ζ trSe or tr(Se ·Ce) < 0 for compression (mass resorption)
Compute Ce Exit
4. Local Newton iteration
a. Compute residual: Rζ or/and Rυ as
Rζ = −ζ + ζn + ζ˙∆t
Rυ = −υ + υn + υ˙∆t.
b. Check tolerance: If ‖Rζ‖ < tol or/and ‖Rυ‖ < tol Goto 5
c. Compute incremental update ∆υ or/and ∆ζ as in (6.121)
∆ζ = RnζM−1
∆υ = RnυN−1
d. Update ζ = ζn + ∆ζ or/and υ = υn + ∆υ
Compute correspondingly Fe, Se or/and Se ·Ce
5. Compute constitutive matrix or moduli
update Ce = C+ Cζ + Cυ, and Cυ or/and Cζ as in (6.91) or (6.109)
the density ρ¯0 as in (6.90)
6.5 Numerical results
This section presents several numerical examples for tissue growth. Herein, the
isotropic growth law for both isotropic and anisotropic materials is used. The first
one is the neo-Hookean strain-energy function, whereas the second material model
employed is the HSF (Holzapfel et al., 2000). Their parameters are tabulated in
Table 6.1. It is well known that soft tissues are considered as nearly incompressible
materials. However, the tissues grow under stress-induced changes, and hence, the
incompressibility condition must not be strictly imposed. Thus, the Poisson’s ratio
ν used in this section can be chosen between 0.3 and 0.5. In these examples, for
the sake of simplicity, ν = 0.4 is chosen. The growth parameters are illustrated in
Table 6.2.
Triaxial tension test of a cube
This is a very simple test case in which the cube is subjected to monotonic loading
by prescribed displacements. Due to the fact that the intermediate configuration
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Table 6.1: Material parameters for neo-Hookean model and Model 6 in growth simu-
lations
Model µ1[kPa] k1H [kPa] k2H α[◦]
neo-Hookean 1.5 - - -
HSF 1.5 1.259 0.8393 29.0
Table 6.2: Growth parameters
k+υ0 k
−
υ0 m
+
υ m
−
υ υ
+ υ− 4t(time)
1.5e-3 0.8e-3 2.5 3 2 0.5 1
(growth) is incompatible, the loading can be simultaneously applied (e.g. in a step
function with 5 times increments) along the three orthogonal directions, see Fig-
ure 6.3. In this case, the stretches in three orthogonal directions are equal, resulting
in the symmetric growth tensor in the constitutive framework. Without loss of gen-
erality, only one eighth of the cube is simulated as shown in Figure 6.3a. The cube
is meshed into a number of elements, one H8 element and five T4 elements, and the
results are equal, see Figure 6.4b. It has already been explained that all solutions of
all the cases are the same because there is no locking effect, see Figure 6.4b. This
numerical test, of course, results in the analytical solution (Duong and Staat, 2014;
Duong et al., 2014).
The time step 4t (its unit depends on the unit of the measurements of the growth
process) for each load increment are solved based on the tolerance of final stresses
in the biological equilibrium state (all stresses are zero). This value is smaller than
10−6.
O x 
z 
y 
1 
1 
1 
d 
(a) 1/8 cube in a triaxial extension (b) Loading in three directions of the cube
Figure 6.3: Boundary conditions in triaxial tension test of cube.
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(a) Grown cube V = 3.375V0 (b) Solutions of the FEM-H8 and the FEM-T4
Figure 6.4: Triaxial tension test and the FEM solutions using H8 and T4 elements.
(a) Stretch and growth stretch ratio (b) Stretch ratio and stress
Figure 6.5: Growth results of the cube by the neo-Hokean model.
The case of the neo-Hookean model
Figure 6.5 shows the numerical results when the neo-Hookean model is adopted. For
the first load increment of 0.1, the time step is 53. For the next load increment this
value is increasing, see Figure 6.5a. This means that larger stresses induce a smaller
number of time steps, i.e. the tissue grows faster. Correspondingly, the stresses in
each load increment are decreasing more slowly, see Figure 6.5b and Figure 6.6a. At
the beginning of the load, the stresses are largest, and they become gradually smaller
as the cube is growing. When the cube reaches the biological equilibrium, the stresses
are zeros. The cube continues to grow when the next load increment is applied to it.
The maximum stresses of the cube are gradually decreasing after each load increment.
For the first increment, the deformations (stretches) are largest and properly results
in the largest stresses. This process is reasonable because the rate of stretch ratios
in (6.75) depends strongly on the magnitudes of the stresses and the deformations.
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(a) Stresses of the cube (b) Density of the cube
Figure 6.6: Stresses and density of the cube by the neo-Hokean model.
In this case, there is no growth limit since the load (prescribed displacement) is 1.5
times smaller than the stretch ratio limit 2.0. This means that the cube is growing
until the final stretch ratio reach the value of 2.0 then it becomes constant. At this
state, the extra stretch of the cube can no longer be compensated by growth and the
cube induces residual stresses if it is still under external load. Since the neo-Hookean
model is used in the growth simulations, the stresses are constant. At final state, the
increased volume of the cube is 3.375 times the initial volume, see Figure 6.4a. The
density of the cube is also recorded in Figure 6.6b. The growth model used includes
the assumption that the density is constant. Indeed, the density decreases suddenly
(by prescribed displacements as step functions) after the applied load and increases
to the initial value at each biological equilibrium for each load increment.
The case of the HSF
When the anisotropic material is used in Figure 6.7, the normal stresses are different,
see Figure 6.8a. They decline and approach to zero at the biological equilibrium for
each load increment as expected. So the extra stretch of the cube is compensated by
growth. The largest stress found along Oy is reasonably correspondent to the fiber
angle while the smallest stress is achieved along Ox (out of fiber plane). The density
of the cube during load increment is illustrated in Figure 6.8b.
It is clearly seen that the numerical tests are qualitatively comparable with the
simulations using the isotropic growth formulation for an isotropic hyperelastic model
used by Himpel et al. (2005).
The simulations of the compression test and the limit of growth are described in
chapter 7 and the tissue has an atrophy or negative growth. Furthermore, a combina-
tion of the growth and the SFEM is made (Duong et al., 2015b). The implementations
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(a) Stretch and growth stretch ratio (b) Stretch ratio and stress of the cube
Figure 6.7: Stretch ratio and stress of the cube by the HSF model.
(a) Principal stresses (b) Density of the cube using the HSF model
Figure 6.8: Principal stresses and density of the cube used the HSF model.
of the growth models into the SFEM setting are nearly similar to those into the FEM
code, except of the different computation of the deformation gradient tensor, which
must be smoothed. Additionally, the internal variables are evaluated in the smoothing
domains instead of the elements as in the standard FEM.
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Chapter 7
Smoothed finite element
method-SFEM
This chapter covers the Smoothed Finite Element Method (SFEM) implemented into
an open source software for boundary-value problems. Several SFEM models are
briefly discussed. The classical Finite Element Method (FEM) for linear and non-
linear problems with compatible strain field is shortly introduced for reasons of a com-
parison with the SFEM. 3D domain discretization using the linear tetrahedral element
(T4) is presented in the framework of the SFEM theory for physically and geomet-
rically nonlinear problems. Numerical results of the SFEM for linear and nonlinear
problems show clearly its advantages in improving accuracy, particularly for the dis-
torted meshes. The selective NF-FEM/FS-FEM is also discussed to help complete the
work here due to its capability of overcoming the volumetric locking effect. This is a
very promising trend for applying the SFEM in biomechanics.
7.1 Introduction
Liu et al. (2007a) introduced the Smoothed Finite Element Method (SFEM) based
on the idea that a strain field as a spatial average of the standard strain measure.
To this end, the elements are divided into smoothing domains (or smoothing cells)
over which the strain is smoothed. Integration over the element is now transformed to
boundary integration of the smoothing cell using the divergence theorem. Though the
stiffness matrix is built based on boundary integration, no requirements of derivatives
of shape functions and isoparametric mapping are needed. Depending on the number
of smoothing domains in the element, the SFEM brings about a number of properties
such as improved accuracy and superconvergence, relative insensitivity to volumetric
locking (nearly incompressible materials), relative insensitivity to mesh distortion,
and the SFEM is softer than the FEM (Nguyen-Thoi et al., 2007, 2009a; Liu and
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Nguyen, 2010; Duong and Staat, 2014). Therefore, the SFEM is adequate to be
chosen for applications of biological soft tissue in which large deformation (distorted
mesh) and nearly incompressible materials are commonly required (Yao et al., 2012;
Duong and Staat, 2014; Duong et al., 2014).
The general theory of the SFEM can be found in the text book (Liu and Nguyen,
2010) and literature Liu et al. (2007a); Nguyen-Thoi et al. (2007). In the standard
FEM model, the (compatible) strain field is obtained using the strain-displacement
relation and the properly assumed displacement field. As a result, the strain energy
potential function is evaluated using the compatible strain field. The discrete system
of equations is then derived from applying the Galerkin weak form. According to
the SFEM approach, the numerical procedure is the same, except for the strain field
which must be modified as discussed above. It means that the Galerkin weak form
is also used to establish the discrete linear system of equations for the SFEM models
using the smoothed strain field Liu et al. (2007b).
Based on the types of smoothing domains used, a number of different SFEM models
are created with different features and properties. Specifically, four different smooth-
ing domains created based on cells (elements), nodes, edges, and faces are employed
to establish four different SFEM models: Cell-based SFEM (CS-FEM), Node-based
SFEM(NS-FEM), Edge-based SFEM(ES-FEM), and Face-based SFEM(FS-FEM).
Each of the four SFEM models has different advantages and disadvantages. Fur-
thermore, it is worth noting that a combination of the NS-FEM with the standard
FEM leads to an αFEM, exhibiting more accurate solutions. Detailed theoretical as-
pects including stability and convergence of the SFEM were presented in more detail
by Liu et al. (2007a,b).
In this chapter, the FS-FEM-T4 (FS-FEM using T4) is presented in detail for
3D problems arising in biomechanics and biomedical engineering. The FS-FEM-T4
model is found to be softer than that of the FEM-T4 (FEM using T4) using the same
mesh. A number of numerical results are presented to demonstrate the efficiency and
properties of the FS-FEM-T4 for physically and geometrically nonlinear 3D problems
(Duong and Staat, 2014; Duong et al., 2014). It is shown that the implementation
of the FS-FEM-T4 is straightforward and no additional Degrees Of Freedom (DOFs)
are used, and the results obtained are more accurate than those of the FEM-T4,
without much increase in computational efforts. It is both spatially and temporally
stable (Nguyen-Thoi et al., 2008). In addition, a smoothing-domain-based selective
FS/NS-FEM-T4 model is also found to be ”immune” from volumetric locking and
works well naturally for 3D problems of nearly incompressible materials, due to the
volumetric locking-free property inherited from the NS-FEM. The implementation of
this model is the future work of the thesis.
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Figure 7.1: Smoothing domains in the CS-FEM for four-node quadrilateral element.
7.2 Some kinds of SFEM
In this section, a brief overview of four kinds of the SFEM mentioned in the previous
section is outlined, see also Liu and Nguyen (2010). The Face-based SFEM for 3D
solid mechanics using the T4 element is presented in detail and used in this thesis for
soft tissue applications.
Cell-based SFEM
The number of smoothing domains (SD) ns can be the same as the element number
ne, meaning that one element is used as one SD. In other words, for stability reasons
the element is also divided into a number of subcells (or SDs), as illustrated in Fig-
ure 7.1 (Dai and Liu, 2007). In this multidivision case, the number of SD ns should
be the number of cells, nc, and ns = nc = nesb · ne if the same nesd (number of SD for
each element) is used for all the elements.
This SFEM model can be applied to any polygonal elements (n-sided), for example,
triangles, quadrilateral, etc. For 3D cases, the method is used for tetrahedral and
hexahedral elements. When only a single smoothing domain (ns = 1) is adopted,
the solution of the CS-FEM has similar properties to the standard FEM using the
quadrilateral element (Q4) with reduced integration for the same mesh. The nCS-
FEM is identical to the FEM-T3 (triangle mesh) when the same mesh is utilized.
The solution of the CS-FEM converges to the one of the FEM-Q4 (quadrilateral
element) when the ns → ∞. Stability of the model should be checked carefully in
order to choose the number of smoothing domains. For ns ≥ 2 the solution of the
CS-FEM is stable at least for static problems. A selective CS-FEM is also proved
to be immune from volumetric locking (Nguyen-Xuan et al., 2008a; Liu and Nguyen,
2010; Nguyen-Xuan et al., 2012).
Node-based SFEM
In a mesh using n-sided polygonal elements, the smoothing domain Ωk associated with
the node k is generally formed by connecting sequentially the midedge-point to the
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Figure 7.2: n-sided polygonal elements and the smoothing domains (shaded areas)
associated with node in the NS-FEM.
central points of the surrounding elements sharing the node k as shown in Figure 7.2
(Liu and Nguyen, 2010). In this case, a smoothing domain Ωk consists of nksb ≥ 1
subsmoothing domains each of which is a part of the elements involving the smoothing
domain Ωk. Thus, nksb is in fact the number of elements sharing the node k. These
interfaces of the surrounding elements divide Ωk into nksb subsmoothing domains Ωkq
(q = 1, ..., nsb), and hence, also form the interfaces among these Ωkq . Depending on
the type of the mesh and the location of the node in the mesh, nksb for each smoothing
domain Ωk is different and, in general, nksb ≥ 1. For 3D problems, the idea of creating
SD can be extended for the NS-FEM using a 3D mesh in a very similar way.
The NS-FEM has some properties that result from the smoothing domain forming,
for example, the strain energy of numerical solution of the NS-FEM is no less than
one of the standard FEM as well as the exact solution (Nguyen-Thoi et al., 2010).
In addition, the NS-FEM can be applied to very distorted meshes so it becomes
insensitive to mesh distortion (Liu et al., 2009b). Most importantly, the NS-FEM is
the model which naturally avoid volumetric locking effect (Nguyen-Thoi et al., 2010).
That leads to a combination of the NS-FEM with other SFEM models the so called
selective SFEM which are mainly used for nearly incompressible materials such as
soft tissues (Yao et al., 2012; Duong and Staat, 2014; Duong et al., 2014).
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Figure 7.3: n-sided polygonal elements and the smoothing domains (shaded areas)
associated with the edge in the ES-FEM.
Edge-based SFEM
The smoothing domain Ωk is associated with the edge k of the elements, and hence,
the number of smoothing domains ns = neg (the number of edges). The edge-based
smoothing domain is created by connecting two endpoints of the edge to the central
points of the adjacent elements as shown in Figure 7.3 (Liu and Nguyen, 2010). In
this case, the smoothing domain Ωk consists of nksb subsmoothing domains Ωkq each of
which is a part of the elements concerning the SD Ωk. Thus, nksb is in fact the number
of elements sharing the edge k. The edge divides Ωk into subsmoothing domains Ωkq
(q = 1, ..., nksb), and hence, also forms the interfaces between these Ωkq . For an inner
edge (at least one of these two ending nodes of the edge is located inside the domain
nksb = 2, and for a boundary edge (both ending nodes of the edge are located on the
boundary Γ), nksb = 1.
The ES-FEM is proven to be always spatially stable and successfully applied to
vibration analysis (Liu et al., 2009a). The model possesses close to the exact stiffness
and the results are often found to be super convergent and ultra-accurate, for example,
the ES-FEM-T3 is much more accurate than the standard FEM-T3. In addition, the
ES-FEM is relative insensitive to distorted mesh, it means that it can deal with the
large deformation known as a main reason causing distorted meshes. A selective ES-
FEM/NS-FEM has excellent the property that it can avoid the volumetric locking
effect; hence, the method works well for nearly incompressible materials (Nguyen-
Thoi et al., 2009c). For 3D problems, the common edge becomes a face, therefore, it
induces a face-based smoothed FEM. This is presented in the next section in detail.
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Figure 7.4: The linear tetrahedron and the node numbering convention.
7.3 Standard FEM for linear problems
7.3.1 Four-Node tetrahedral element (T4)
The 8-node hexahedral element (H8) is typically used to model solid components for
many 3D practical problems. The reduced integration method using this element
can avoid the volumetric locking in large strain applications of practical interest,
such as plastic flow under incompressible or nearly incompressible conditions (Bonet
and Burton, 1998). However, generating 3D meshes using H8 is a demanding task
which at present can only be achieved for simple or moderately complex geometries.
Without a doubt there might occasionally be regions that cannot be meshed if they
are not properly modified or simplified. In addition, excessive simplifications may lead
to very distorted hexahedral elements. To prevent poorly shaped elements in large
strain, adaptive remeshing can be used, but the technique is very limited (Bonet and
Burton, 1998; Neto et al., 2005; Puso et al., 2008; Joldes et al., 2009).
Furthermore, for very complex geometrical models such as human body and or-
gans, using hexahedral elements becomes ineffective to achieve the required (imposed)
accuracy. The tetrahedral element can automatically be created according to the De-
launay techniques, which are capable of producing a tetrahedral mesh for any geome-
try, however complicated. To employ the SFEM to biological soft tissue components,
which naturally have very complex shapes, T4 is considered the main element using
in the SFEM model. The SFEM achieves an accuracy comparable with one induced
by the FEM utilizing the H8 element. The T4 can be simply described in Figure 7.4.
For the mth four-node tetrahedral element Ωe(m), the vector of nodal displacements
ue = [u1 u2 u3 u4]T in which the uI (I = 1, 2, 3, 4, herein, names of nodes expressed
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in capital letters) for the node I is arranged in the order of
uI =

uI1
uI2, (I = 1, 2, 3, 4),
uI3
(7.1)
and the matrix of the shape function N e(m)(x) is written accordingly as
N e(m)(x) =

N1 0 0
0 N1 0
0 0 N1︸ ︷︷ ︸
N1
N2 0 0
0 N2 0
0 0 N2︸ ︷︷ ︸
N2
N3 0 0
0 N3 0
0 0 N3︸ ︷︷ ︸
N3
N4 0 0
0 N4 0
0 0 N4︸ ︷︷ ︸
N4
 (7.2)
in which Nj, (j = 1, 2, 3, 4) are the four shape functions corresponding to the four
nodes of the T4 element. Using directly the physical Cartesian coordinate system,
the four shape functions have the following form
Nj =
1
6Vi
(αj + βjx1 + ψjx2 + δjx3), (7.3)
where αj, βj, ψj and δj are defined as
αj =
∣∣∣∣∣∣∣∣∣∣
x21 x
2
2 x
2
3
x31 x
3
2 x
3
3
x41 x
4
2 x
4
3
∣∣∣∣∣∣∣∣∣∣
; βj = −
∣∣∣∣∣∣∣∣∣∣
1 x22 x23
1 x32 x33
1 x42 x43
∣∣∣∣∣∣∣∣∣∣
;
ψj = −
∣∣∣∣∣∣∣∣∣∣
x22 1 x23
x32 1 x33
x42 1 x43
∣∣∣∣∣∣∣∣∣∣
; δj = −
∣∣∣∣∣∣∣∣∣∣
x22 x
2
3 1
x32 x
3
3 1
x42 x
4
3 1
∣∣∣∣∣∣∣∣∣∣
,
(7.4)
in which the subscript j varies from 1 to 4, and k, l and q are determined by a cyclic
permutation in the order of j, k, l and q. For example, if j = 1 then k = 2 and l = 3
and q = 4; if j = 2 then k = 3 and l = 4 and q = 1. The volume of the T4 element
Ωe(m) is given by
V e(m) =
1
6det

1 x11 x12 x13
1 x21 x22 x23
1 x31 x32 x33
1 x41 x42 x43
 . (7.5)
Strain displacement matrix
By employing directly the physical Cartesian coordinate system Ox1x2x3, the strain
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displacement matrix Be(m) = [Be1 Be2 Be3 Be4] for the T4 element Ωe(m)
BeI =

βi 0 0
0 ψi 0
0 0 δi
ψi βi 0
0 δi ψi
δi 0 βi

for the node I, (7.6)
where βj, ψj and δj (j = 1, 2, 3, 4) are given in equation (7.4). It is obvious that
the strain-displacement matrix Be(m) for the T4 element is a constant matrix, which
implies that the strain obtained using such an element is constant within the element.
The T4 element is hence called a constant strain element.
Element stiffness matrix
The element stiffness matrix Ke(m) for the mth element has the form
Ke(m) =
∫
Ωem
(
Be(m)
)T
DBe(m)dV =
(
Be(m)
)T
DBe(m)V
e
(m). (7.7)
It is worth noting that no numerical integration is needed to compute the stiffness
matrix for the T4 element.
7.3.2 The weak form
Consider a deformable continuum body occupying a domain Ω0-the reference (initial)
configuration and is subjected to a body force b0, an external traction force T on a
boundary Γ0 and displacement boundary conditionsU = U¯ on Γu0 , see also Figure 2.4.
The body deforms to Ω-current configuration, subjected to a body force b and an
external traction t on a boundary Γ and displacement boundary conditions u = u¯ on
a Γu. In fact, the idea of the SFEM has been firstly established for linear problems
and then extended to geometrically and physically nonlinear problems (Liu et al.,
2007b; Nguyen-Thoi et al., 2008). Thus, it is more manageable to describe the SFEM
by starting from the linear FEM representation.
Current configuration formulation
For static problems, the principal of virtual work requires that∫
Ω
δTDdV −
∫
Ω
δuTbdV −
∫
Γ
δuT tdS = 0, (7.8)
where D is the constitutive matrix of the material used, δ is the compatible virtual
strain and δuh(x) is the internal displacements (test function). By means of the
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spatial discretization procedure in the standard FEM (Zienkiewicz and Taylor, 2000a),
the problem domain is divided into ne elements. The virtual displacements uh(x),
and the compatible strains h(x) within any element can be computed as
uh(x) =
nd∑
I
NIuI = NIuI , δuh(x) =
nd∑
I
NIδuI = NIδuI ,
h(x) =
nd∑
I
BIuI = BIuI , δh(x) =
nd∑
I
BIδuI = BIδuI ,
(7.9)
where nd is the number of nodal variables of the element, NI is the shape function
matrix and BI is the standard displacement gradient matrix of the node I.
By substituting the approximations, u and δu into the weak form, (7.8) is rewritten
as ∫
Ω
δuTBTDdV −
∫
Ω
δuTNTbdV −
∫
Γ
δuTNT tdS = 0. (7.10)
By invoking the arbitrariness of virtual nodal displacements δu, (7.10) yields the
standard discretized algebraic equation system∫
Ω
BTDdV −
∫
Ω
NTbdV −
∫
Γ
NT tdS = 0, (7.11)
KFEMu = f , (7.12)
where KFEM is the stiffness matrix, u is the global displacement vector, and f is the
nodal force vector. Concretely, their entries are expressed as
KFEMIJ =
∫
Ω
BTI DBJdV
fI =
∫
Ω
NTI bdV +
∫
Γ
NTI tdS,
(7.13)
in which, BI(x) = ∇sNI(x) is the compatible strain gradient matrix of node I (∇s
is the symmetric part of the displacement gradient).
7.4 Face-based smoothed FEM
It is known that the procedure of the SFEM is similar to one of the standard FEM, ex-
cept of the compatible strains. In the SFEM approach, the smoothed strains are used
instead of compatible ones. The details of the smoothed strain are hence analyzed in
the following.
132 7. SMOOTHED FINITE ELEMENT METHOD-SFEM
Element 2 
(tetrahedron BCDE) 
Interface (triangle BCD) Smoothed domain        of two 
combined tetrahedrons associates 
with interface (BCDIH) 
Element 1  
(tetrahedron ABCD) 
: Field node        : Centroids of elements 
 A
B
E
I
 H
 D
C k
Figure 7.5: Smoothing domain created on interface of two neighboring elements.
7.4.1 Face-based Smoothing Domain Creation
In the FS-FEM-T4 model, the 3D complex domain is meshed into tetrahedral elements
in the same way as in the standard FEM. The 3D domain Ω is discretized with ne
tetrahedral elements and nn nodes such that Ω = ∪nem=1Ωem and Ωei ∩ Ωej 6= ∅, i 6= j.
The T4 element mesh shall have a total of nf faces. Based on the faces of elements,
the smoothing strain technique introduced by Chen et al. (2001) is applied to create
smoothing domains, such that Ω = ∪nfk=1Ωk and Ωki ∩Ωkj 6= ∅, i 6= j. Thus, the number
of smoothing domains is the same as the number of faces in the mesh ns = nf , which
satisfies the requirement of the minimum number of smoothing domains and implies
that the FS-FEM-T4 should be at least spatially stable (Liu et al., 2007b; Liu and
Nguyen, 2010). The smoothing domain Ωk associated with the face k is created by
simply connecting three nodes of the face to the centers of the adjacent elements as
shown in Figure 7.5. The smoothed strain on the smoothing domain Ωk associated
with the face k is calculated as
¯ =
∫
Ωk
(x)Φk(x)dV =
∫
Ωk
∇su(x)Φk(x)dV, (7.14)
where Φk(x) is a given smoothing function and hence satisfies at least the unity
property as ∫
Ωk
Φk(x)dV = 1. (7.15)
The locally constant smoothing function is used as follows
Φk(x) =

1
V k
, x ∈ Ωk
0, x /∈ Ωk,
(7.16)
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where the V k is the volume of the smoothing domain Ωk and is evaluated as
V k =
∫
Ωk
dV = 14
nksb∑
m=1
V e(m), (7.17)
where nksb is the number of subsmoothing domains and is also exactly the number of
elements around the faces k (nksb = 1 for boundary and nksb = 2 for inner faces) and
V e(m) is the volume of the mth element around the face k.
Due to the fact that the trial function uh(x) in the FS-FEM is computed as the
same as in (7.9) in the FEM, which leads to the nodal force vector f in the FS-FEM
evaluated in the similar way as in the FEM. Insertion of (7.9) into (7.14) results in
the smoothed strain on the domain Ωk associated with face k that is evaluated as
¯ =
∑
I∈nkn
B¯I(xk)uI , (7.18)
where nkn is the total number of nodes of elements containing the common face k
(nkn = 4 for boundary faces and nkn = 5 for inner faces) and B¯I(xk) is termed the
smoothed strain matrix on the domain Ωk (Nguyen-Thoi et al., 2008).
7.4.2 Formulation of FS-FEM-T4
Recall (7.12) for a general linear boundary-value problem in solid mechanics, in which
the stiffness matrix of the FEM is now replaced by the one of the FS-FEM. It is worth
noting that there are no additional degrees of freedom introduced into the system.
The discretized algebraic equation in the FS-FEM is written as
K¯SFEMu = f , (7.19)
where K¯SFEM is the smoothed stiffness matrix, calculated as
K¯SFEM =
∫
Ω
B¯TDB¯dV =
nf∑
k=1
K¯k, (7.20)
where K¯k is the smoothed stiffness matrix of the smoothing domain Ωk and its entries
are evaluated as
K¯kIJ =
∫
Ωk
B¯I
T
DB¯JdΩ = B¯I
T
DB¯JV
k. (7.21)
Thanks to the use of the tetrahedral elements with the linear shape functions, the
entries of the matrix Bej are constant over each element; hence, the smoothed strain-
displacement matrix B¯I on the domain Ωk is numerically computed by a local assem-
bly process as
B¯I =
1
V k
nek∑
m=1
1
4V
e
(m)B
e
(m), (7.22)
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where Be(m) is the strain-displacement matrix of the mth element attached to the face
k and computed in (7.6).
It is observed that only the volume and the usual compatible strain-displacement
matrices Be(m) of the FEM-T4 element are needed to compute the system stiffness
matrix for the FS-FEM-T4. However, the implementation of the FS-FEM-T4 into
the large open source code-Code Aster requires non-trivial work on the smoothed
domain connectivity, the smoothed strain-displacement and the assembly routine.
Most of them are significantly different from those of the FEM-T4. Consequently, an
alternative way to compute the smoothed B¯I is considered in the following.
If the divergence theorem is applied, the smoothed strain matrix B¯I(xk) can gen-
erally be evaluated on the domain Ωk in an alternative way by
B¯I(xk) =

B¯I1(xk) 0 0
0 B¯I2(xk) 0
0 0 B¯I3(xk)
B¯I2(xk) B¯I1(xk) 0
0 B¯I3(xk) B¯I2(xk)
B¯I3(xk) 0 B¯I1(xk)

(7.23)
where
B¯Ih(xk) =
1
V k
∫
Γk
NI(x)n(k)h (x)dS (h = 1, 2, 3), (7.24)
where Γk is the boundary of the smoothing domain Ωk with the volume V k, and
n(k)(x) is the outward normal vector matrix on the boundary Γk and has the form
(based on Voigt’s notation)
n(k)(x) =

n
(k)
1 0 0
0 n(k)2 0
0 0 n(k)3
n
(k)
2 n
(k)
1 0
0 n(k)3 n
(k)
2
n
(k)
3 0 n
(k)
1

. (7.25)
Theoretically, the FS-FEM also works for other types of elements, as long as a con-
tinuous displacement field on the smoothing domain surface can be generated. For
these general FS-FEM models, the smoothed strain-displacement matrix B¯I has to
be computed using the corresponding original Be(I) as in the FEM, for instance, T4
element used as in (7.6).
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Properties of the FS-FEM
The FS-FEM is proved to possess a displacement compatibility. Obviously, this prop-
erty can be explicitly seen in the FS-FEM formulation: linear element based inter-
polation is used throughout the whole problem domain. The property ensures that
the FS-FEM is able to reproduce the linear field exactly. This was confirmed in the
patch test by Nguyen-Thoi et al. (2008). The FS-FEM is variationally consistent
because in the generalized Galerkin weak form the smoothed strain is used instead
of the compatible strain. The FS-FEM possesses only ’legal’ zero energy modes that
represent the rigid motions and hence the FS-FEM is spatially stable (Nguyen-Thoi
et al., 2008; Liu and Nguyen, 2010). There exist no spurious non-zero energy modes
and thus the FS-FEM is also temporally stable. In addition, the stiffness matrix of
the FS-FEM has the same unknowns of the displacement only, a larger bandwidth
and a less sparsity in the FS-FEM compared to the stiffness matrix of the standard
FEM results in a little more complex computation.
7.5 FS-FEM for nonlinear analysis
In this section, the FS-FEM is formulated for physically and geometrically nonlinear
problems in solid mechanics. The general theory for nonlinear finite element analysis
can be found in many textbooks (Zienkiewicz and Taylor, 2000b; Bonet and Wood,
2008).
7.5.1 Total Lagrangian formulation of FEM
A variational theorem for finite elasticity may be written in the reference configuration
using hyperelastic materials as
Π =
∫
Ω0
W (C)dV − Πext. (7.26)
In which W (C) is a strain-energy (stored) function for a hyperelastic material from
which the second Piola-Kirchhoff stress is computed as
S = 2∂W
∂C =
∂W
∂E . (7.27)
The potential of the external work assumed to be given by
Πext =
∫
Ω0
b0 ·UdV +
∫
Γ0
U · T dS, (7.28)
where b0 and T are the body force and the specified traction in the reference con-
figuration, respectively. Γ0 is the traction boundary surface in the reference con-
figuration. As introduced in (2.1), U(X, t) = u(x, t) and the virtual displacement
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field δu is independent of the actual displacement field u (Holzapfel, 2000), hence,
δU(X) = δu(x). In addition, for simplicity u(X, t) and δu(X) are employed there-
after. Taking the variation of (7.26) with a review of (7.28) yields
δΠ(u, δu) =
∫
Ω0
S : δEdV −
∫
Ω0
b0 · δudV −
∫
Γ0
δu · T dS, (7.29)
where δE = 12(δFTF+FT δF) is the virtual Green strain tensor in terms of the virtual
deformation gradient δF = Gradδu.
To obtain the solution of this nonlinear equation, the standard Newton iteration
scheme is often utilized, which requires the consistent linearization of the (7.29) in
order to guarantee the quadratic convergence rate near the solution.
If the Voigt’s notation is used, the Green strain E = [E11, E22, E33, 2E12, 2E23, 2E31]
and the second Piola-Kirchhoff stress S = [S11, S22, S33, S12, S23, S31] are adopted. In
other words, δE = Bδu where B can be split into two parts as
B = BL +BNL, (7.30)
where BL is the strain-displacement matrix for the small strain theory as calculated
in (7.6) for the T4 element, while the remaining non-linear part BNL is evaluated as
BNL =

u1,1NA,1 u2,1NA,1 u3,1NA,1
u1,2NA,2 u2,2NA,2 u3,2NA,2
u1,3NA,3 u2,3NA,3 u3,3NA,3
u1,1NA,2 + u1,2NA,1 u2,1NA,2 + u2,2NA,1 u3,1NA,2 + u3,2NA,1
u1,2NA,3 + u1,3NA,2 u2,2NA,3 + u2,3NA,2 u3,2NA,3 + u3,3NA,2
u1,1NA,3 + u1,3NA,1 u2,1NA,3 + u2,3NA,1 u3,1NA,3 + u3,3NA,1

, (7.31)
where ui,J = NA,JuAi , NA,J = ∂NA∂XJ with i, J = 1, 2, 3, and NA is the shape function
of the node A, (for the T4 element A = 1, 2, 3, 4). Moreover, it can easily be seen
that BNL vanishes in the reference configuration. Thus, if the updated Lagrange
formulation is used then BNL is cancelled out. By substituting the approximations,
u and δu in (7.9) into the weak form in (7.29), this variational equation might be
rewritten for the finite deformation problem as
δΠ(u, δu) = δuT ·
∫
Ω0
BTSdV −
∫
Ω0
NTb0dV −
∫
Γ0
NTT dS
 = 0. (7.32)
In general, solving nonlinear problems needs to adopt load increments with a load
factor λ. The principle of virtual work with introducing the external load factor λ
reads as
δΠ(u, δu) = δuT ·R(u, λ) = δuT · [Fint(u)− λFext(u)], (7.33)
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where R(u, λ) denotes the out-of-balance force or residual force which must be equal
to zero to ensure equilibrium. Furthermore, R(u, λ) can be evaluated as
R(u, λ) = Fint(u)− λFext(u) = 0, (7.34)
where the internal force vector of an element, which can be introduced from the first
integral of the principle of virtual work (7.32), reads as
Fint =
∫
Ω0
BTSdV. (7.35)
Similarly, the external force vector of element can be rewritten as
Fext =
∫
Ω0
NTb0dV +
∫
Γ0
NTT dS. (7.36)
The system in (7.34) is nonlinear because of both geometrically and physically non-
linearity from large deformation and the constitutive relation of the material, respec-
tively. As a result, the classical tangent stiffness matrix must be defined in order to
solve the problem. This matrix, denoted by Kt, is the derivative of the residual force
vector R(u, λ) with respect to the nodal displacement vector u. If the load factor
λ is chosen as a parameter then the solution of the system equations is obtained by
the incremental iterative technique. Applying the linearization process (or based on
the multi-dimensional Taylor row expansion, section 2.2 in Zienkiewicz and Taylor
(2000b)), the stiffness matrix Kt is expressed in the following form
Kt∆u = R
Kt =
∂Fint(u)
∂u
− λFext(u)
∂u
.
(7.37)
By taking the derivative of the internal force vector with respect to the displacements,
it follows that
∂Fint(u)
∂u
=
∫
Ω0
(
∂BT
∂u
S +BT ∂S
∂E
∂E
∂u
)
dV
=
∫
Ω0
∂BT
∂u
SdV +
∫
Ω0
BTDBdV = KG +KM ,
(7.38)
where KG and KM are the geometric tangent stiffness and the material tangent
stiffness, respectively. In the case in which the loads change with deformation (e.g.
follower forces), the stiffness contributed from the external load can be computed as
∂Fext(u)
∂u
= KL, (7.39)
therefore, the total stiffness matrix is expressed as
Kt = KM +KG − λKL. (7.40)
It is assumed that the derivative of the force Fext with respect to u is zero so that
the KL vanishes.
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7.5.2 FS-FEM formulation based on FEM
The extension of the FS-FEM-T4 to physically and geometrically nonlinear problems
is obviously straightforward. It is a similar procedure to the one used in the standard
FEM. Its tangent stiffness matrix also has two main components as in (7.40) (with
KL omitted) representing the results from the nonlinear constitutive matrix and the
geometrical nonlinearity (large deformation and large displacements). The strain and
the stress terms are, of course, smoothed based on the smoothing technique discussed
above for the FS-FEM for linear problems. It means that the values of the strain
gradient matrices and the stresses in the face-based smoothing domains become the
volume-weighted average values of the smoothing domains of the adjacent elements
attached to the considered face. The FS-FEM-T4 formulation based on the total
Lagrange formulation (Bathe, 1996; Zienkiewicz and Taylor, 2000b) and the discrete
system of equations can be expressed as follows
K¯t∆u =
(
K¯M + K¯G
)
∆u = Fint(u)− λFext(u), (7.41)
where the material stiffness matrix for the linearized portion can be written as
K¯M =
nf∑
k=1
K¯kM
K¯kM =
∫
Ωk
(
B¯kM
)T
DB¯kMdV =
(
B¯kM
)T
DB¯kMV
k,
(7.42)
where K¯kM is the smoothed material stiffness of the smoothing domain Ωk with its
volume V k associated with the face k, B¯kM is the smoothed strain-displacement matrix
on the smoothing domain Ωk calculated as
B¯kM =
1
V k
nek∑
m=1
1
4V
e
(m)B
e
(m), (7.43)
in which the Be(m) of the mth element is
Be(m) =
[
B1 B2 B3 B4
]
, (7.44)
where
BI =

F11NI,1 F21NI,1 F31NI,1
F12NI,2 F22NI,2 F32NI,2
F13NI,3 F23NI,3 F33NI,3
F11NI,2 + F12NI,1 F21NI,2 + F22NI,1 F31NI,2 + F32NI,1
F12NI,3 + F13NI,2 F22NI,3 + F23NI,2 F32NI,3 + F33NI,2
F11NI,3 + F13NI,1 F21NI,3 + F23NI,1 F31NI,3 + F33NI,1

(I = 1, 2, 3, 4),
(7.45)
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in which, NI,J = ∂NI∂XJ and the FiJ are the entries of the deformation gradient tensor
for the element Fe (i, J = 1, 2, 3). The second term on the left hand side in (7.41) is
the geometric stiffness matrix concerning the nonlinearity of the strain-displacement
matrix and is evaluated as
K¯G =
nf∑
k=1
K¯kG =
nf∑
k=1
(
B¯kG
)T
S¯GB¯
k
GV
k, (7.46)
where matrix B¯kG results from the geometrical nonlinearity of the linearization of
variation of the Green strain E. It is written in a form as
B¯kG =
1
V k
nek∑
m=1
1
4V
e
(m)B
e
G(m). (7.47)
In the equation (7.47), matrix BeG(m) is for the mth element, and is generally given by
BeG =

N1,1 0 0 N2,1 . . . 0
N1,2 0 0 N2,2 . . . 0
N1,3 0 0 N2,3 . . . 0
0 N1,1 0 0 . . . 0
0 N1,2 0 0 . . . 0
0 N1,3 0 0 . . . 0
0 0 N1,1 0 . . . N4,1
0 0 N1,2 0 . . . N4,2
0 0 N1,3 0 . . . N4,3

. (7.48)
The stress matrix S¯G for the face-based smoothing domains is computed using
S¯G =
1
V k
nek∑
m=1
1
4V
e
(m)S
e
G(m), (7.49)
where SeG(m), see Bathe (1996), is the hyper-diagonal matrix of the second Piola-
Kirchhoff stress components of the mth element, generally defined as
SeG =

S11 S12 S13 0 0 0 0 0 0
S21 S22 S23 0 0 0 0 0 0
S31 S32 S33 0 0 0 0 0 0
0 0 0 S11 S12 S13 0 0 0
0 0 0 S21 S22 S23 0 0 0
0 0 0 S31 S32 S33 0 0 0
0 0 0 0 0 0 S11 S12 S13
0 0 0 0 0 0 S21 S22 S23
0 0 0 0 0 0 S31 S32 S33

, (7.50)
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in which the entries SIJ are derived from the second Piola-Kirchhoff stress tensor
Se of the element attached to the face k. If the Voigt’s notation is employed, the
constitutive relation form between stress and strain is expressed as
Se = DEe ⇔

S11
S22
S33
S12
S23
S31

= D

E11
E22
E33
2E12
2E23
2E31

. (7.51)
It is emphasized that there are no additional DOFs in the FS-FEM, so the external
force vector can be similarly evaluated as the one in the FEM, see (7.36). However, the
internal force vector is now calculated based on the stress on the smoothing domain
(smoothed stress) and is represented as
Fint =
nf∑
k=1
fkint =
nf∑
k=1
(
B¯k
)T
S¯kV k, (7.52)
S¯k = 1
V k
nek∑
m=1
1
4V
e
(m)S
(e)
(m). (7.53)
Alternative way to compute smoothed quantities
A convenient approach can be implemented into the open source programs by smooth-
ing the deformation gradient tensor. Subsequently, all other quantities derived from
this tensor are automatically smoothed properly. The smoothed deformation gradient
F¯k with its components F¯ kiJ of the smoothing domain V k is obtained by applying the
divergence theorem
F¯k = 1
V k
∫
V k
[ ∂u
∂X
+ I]dV = 1
V k
∫
V k
∂u
∂X
dV + I, (7.54)
in matrix notation
F¯ kiJ =
1
V k
∫
V k
[ ∂ui
∂XJ
+ δiJ ]dV =
1
V k
∫
V k
∂ui
∂XJ
dV + δiJ
= 1
V k
∫
Γk
uin
(k)
J dS + δiJ (i, J = 1, 2, 3),
(7.55)
where n(k)J is the component of the outward normal vector n(k) of the boundary Γk
bounding the smoothing domain V k. Substituting (7.24) and (7.25) into (7.55), the
smoothed deformation gradient is given by
F¯ kiJ =
nkn∑
I
B¯kIJu
I
i + δiJ nkn = 4, 5, (7.56)
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thus, the smoothed deformation gradient tensor can be, in general, calculated as
F¯k = B¯(xk)u+ I, (7.57)
where B¯(xk) is given in (7.23), nkn = 4 for inner face k, nkn = 5 for boundary face k,
based on that the smoothing domain is created.
Substituting F¯ kiJ in (7.55) to (7.45), and (7.43) leads to B¯ = B¯k corresponding to the
smoothing domain Ωk without performing the averaging of the strain-displacement
matrices. The smoothed Green strain tensor on the smoothing domain is now evalu-
ated as
E¯k =

E¯11 E¯12 E¯13
E¯21 E¯22 E¯23
E¯31 E¯32 E¯33
 = 12[
(
F¯k
)T
F¯k − I]. (7.58)
Therefore, by employing E¯k the smoothed second Piola Kirchhoff stress tensor is
derived from (7.51) directly. All remaining quantities are now smoothed since they
are functions of the smoothed deformation gradient tensor.
7.6 Numerical implementation
7.6.1 Algorithms for the FS-FEM-T4 implementation
The FS-FEM-T4 was implemented into open source software Code Aster for physi-
cally and geometrically nonlinear 3D solid boundary-value problems. For linear prob-
lems, the algorithm used in any open source software can be presented as follows
Algorithm using the FS-FEM-T4 for linear problems
1. Input geometry, material properties and solution parameters
2. Loop over all elements
a. Compute Be in (7.6), V e in (7.5), and fI in (7.13)
b. Find smoothing domain and its connectivity,
3. Loop over all faces
a. Compute B¯I in (7.22), K¯kIJ in (7.21),
b. Assemble stiffness matrix KSFEM in (7.20).
4. Apply essential boundary conditions
5. Solve the system equations K¯SFEMu = f (7.19) to obtain the nodal displace-
ments
6. Evaluate strains and stresses at points of interest.
For nonlinear problems, the algorithm using the iteration method for solving the
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equation system is described as follows
Algorithm using the FS-FEM-T4 for nonlinear problems
1. Initialize i = 0, ∆u = 0, un from the last time step n, tolerance Tol,
Calculate the external force vector λn+1F¯ext
2. Update at each smoothing domain for iteration i+ 1
• Nodal displacement: ui+1n+1 = uin+1 + ∆u
a. Calculate:
– Smoothed deformation gradient matrix F¯k(uin+1) in (7.57)
– Smoothed Green strain E¯k(uin+1) in (7.58)
– Smoothed strain-displacement matrix B¯kM(uin+1) in (7.43), B¯kG(uin+1)
in (7.47)
– Smoothed second Piola-Kirchhoff stress S¯k(uin+1) in (7.51)
b. Calculate the tangent stiffness and the internal force:
– Smoothed material stiffness matrix K¯kM(uin+1) in (7.42)
– Smoothed geometrical stiffness matrix K¯kG(uin+1) in (7.46)
– Internal force vector f¯kint(uin+1) in (7.52)
• K¯kt (uin+1) = K¯M(uin+1) + K¯G(uin+1) in (7.40)
3. Assemble global matrices
• Smoothed tangent stiffness matrix K¯t(uin+1) =
nf∑
k=1
K¯kt (uin+1)
• Internal force vector F¯int(uin+1) =
nf∑
k=1
f¯kint(uin+1)
• Residual force vector R¯t(uin+1) = F¯int(uin+1)− λn+1F¯ext
4. Solve the incremental displacement and check for the global convergence
• ∆u = K¯−1t (uin+1)R¯t(uin+1)
• if |R¯t(uin+1)| < Tol or |∆u · R¯t(uin+1)| < Tol
go to next time step n = n+ 1
else
i = i+ 1; return to 2
end if.
Irons first order patch test and a mesh sensitivity analysis
To evaluate the convergence of a numerical method based on the weak form, a first
order patch test needs to be carried out. This kind of test was successfully performed
for the FS-FEM-T4 and discussed by Nguyen-Thoi et al. (2009b); Liu and Nguyen
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(2010). In this thesis work, this kind of test the SFEM method is mainly implemented
for applying this method to soft tissues in large scale applications using the proposed
material models discussed in chapter 4 and chapter 5.
Volumetric locking
The FS-FEM is known to significantly improve the accuracy compared with the FEM.
In addition, the very distorted mesh (for example large deformation of a beam with
distorted elements) was carried out to demonstrate that the FS-FEM can overcome
this shortcoming very effectively (Duong and Staat, 2014). Using the standard T4
element in problems with nearly incompressible or incompressible materials exhibits
volumetric locking. As discussed in the introductory part, the FS-FEM is unable to
solve the volumetric locking itself. According to results presented by Nguyen-Thoi
et al. (2008); Yao et al. (2012), the selective NF-FEM/FS-FEM is able to remove
the disadvantage of the FS-FEM for nearly incompressible materials. Therefore, the
combination of the Node-based FEM and Face-based FEM can both improve the
accuracy and overcome locking effect.
It is claimed that that the NS-FEM is naturally immune from volumetric locking,
but it is overly soft (Nguyen-Thoi et al., 2010). In particular, in the material models
presented in chapter 4 and chapter 5, the term volumetric strain-energy, which shows
volumetric constraint, must be treated by using the NS-FEM. This means that this
term is computed by the NS-FEM, while the isochoric part in the strain-energy model
is evaluated by the FS-FEM. In this manner this combination leads to a split of the
tangent stiffness matrix into two parts, a volumetric and an isochoric parts which
are formulated by the NS-FEM and the FS-FEM, respectively. However, the imple-
mentation of this selective FS/NS-FEM into large open source programs has not yet
been completed and is relative complicated. It would be considered as future work of
research.
To apply the FS-FEM to applications of biological soft tissues, the growth for-
mulation was integrated with this SFEM model (Duong and Staat, 2014). As the
Poisson’s ratio used in growth simulations is often significantly smaller than value of
0.5 (0.3 < ν < 0.5). In the numerical example section, this value is chosen as 0.4.
Therefore, the FS-FEM can be successfully employed without considering the effect
of volumetric locking.
7.7 Numerical results
To demonstrate the properties of the FS-FEM successfully implemented into Code Aster
(2012), numerical examples were carried out in this section. The improvements of
144 7. SMOOTHED FINITE ELEMENT METHOD-SFEM
Figure 7.6: Meshing a one-eighth of the hollow sphere model by T4 elements.
Figure 7.7: Distribution of the radial displacement of the hollow sphere.
employing the FS-FEM can be clearly seen when its results are compared with those
of the FEM using T4 elements and 8-node hexahedral elements (FEM-H8).
7.7.1 A 3D Lame´ problem
To verify the FS-FEM implemented into the open source code-Code Aster, a 3D Lame´
problem is analysed. The 3D Lame´ problem consisting of a hollow sphere with the
inner radius r1 = 1 [m], the outer radius r2 = 2 [m] and subjected to an internal
pressure p = 1 [N/m2], as shown in Figure 7.6. The material parameters of the
sphere are E = 1.0 [kPa] and ν = 0.3. For this benchmark problem, the analytical
solution is available in the polar coordinate system (Timoshenko and Goodier, 1970;
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Figure 7.8: Meshing a cube with 5 T4 elements.
Nguyen-Thoi et al., 2008).
ur =
pr31r
E(r32 − r31)
[
(1− 2ν) + (1 + ν) r
3
2
2r3
]
, (7.59)
σr =
pr31(r32 − r3)
r3(r31 − r32)
; σθ =
pr31(r32 + 2r3)
2r3(r33 − r31)
, (7.60)
where r is the radial distance from the centroid of the sphere to the point of interest
in the sphere.
Due to the fact that the problem is spherically symmetrical, one-eighth of the
sphere is modeled and the symmetry conditions are imposed on the three symmetric
planes. The problem is discretized by 25296 T4 elements and 3873 nodes as illustrated
in Figure 7.6. The result in Figure 7.7 shows that the distribution of the radial
displacement using the FS-FEM is in a good agreement with the analytical solution.
Table 7.1 describes a comparison between the FS-FEM-T4 and the FEM-T4. The
results are comparable with those in literature (Nguyen-Thoi et al., 2008). It is
obvious that the FS-FEM has a better performance, and the difference between the
FS-FEM and the FEM is small since this is a linear problem.
Table 7.1: Distribution of the radial displacement of the spherical model
ur (x10−4 [m])
r = 1.0 r = 1.2 r = 1.4 r = 1.6 r = 1.8 r = 2.0
FEM-T4 7.9329 5.8099 4.5620 3.7943 3.3017 2.9836
FS-FEM-T4 7.9453 5.8162 4.5692 3.8013 3.3071 2.9882
Analytical 8.0000 5.8444 4.5901 3.8161 3.3213 3.0000
7.7.2 Tension tests of a cube
The FS-FEM was firstly applied to physically nonlinear problems such as an isotropic
hyperelastic material by Yao et al. (2012). To overcome the difficulty due to nearly
incompressible material, Yao et al. (2012) already combined the FS-FEM with the
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(a) Uniaxial tension test (b) Equi-biaxial tension test
Figure 7.9: Tension tests of the cube using the neo-Hookean model and Model 6 in
(4.17).
NS-FEM. Therefore, this method was applied to their solid dynamic problem using
the nearly incompressible Mooney-Rivlin.
The uniaxial tension test
The FS-FEM is applied to the neo-Hookean material for the uni-axial tension test.
The problem contains a cube with dimension of 1×1×1 [cm3] as shown in Figure 7.8.
The cube is subjected to a distributed force on the upper face with value of 80
[kN/cm2]. In this test case, the material parameter is the shear modulus µ = 20.06
[KPa], and the incompressibility condition imposed by Poisson’s ratio ν = 0.499996.
There is no volumetric locking for this uniaxial test. The displacement along Oz of
the point 7 is illustrated in Figure 7.9a and this shows that the FEM-T4, the FS-FEM
and analytical are absolutely coincided.
The equi-biaxial tension test
An equi-biaxial tension test using Model 6 with the material constants in Table 4.1
was performed for the adventitia, see Holzapfel et al. (2005), which is modelled as a
cube as depicted in Figure 7.8. The cube were equally stretched along the circum-
ferential direction (Oθ) and the longitudinal one (Oz), and the result was obtained
in Figure 7.9b. Obviously, there is a perfect agreement between the numerical so-
lution and the analytical one. Therefore, the FS-FEM can be used for nonlinear
geometrically and physically 3D solid problems.
7.7.3 FS-FEM for distorted meshes
A long cantilever beam
To demonstrate the FS-FEM can deal with distorted meshes, a cantilever beam with
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Figure 7.10: A beam 20× 1× 1 [mm3]
.
Figure 7.11: ”Zoom-in” of the beam discretized with a distorted mesh
.
dimension 20x1x1 [mm3] is subjected to a distributed force f = 0.18 [N/mm2] as
shown in Figure 7.10. This beam is discretized into T4 elements with 1134 nodes
and its very distorted mesh is plotted in Figure 7.11. The element aspect ratio of the
mesh is around 8. For illustration of solving distorted mesh, a coarser mesh is only
applied in the example and it is convenient to see the aspect ratios of elements or the
distorted mesh. Herein, the material used is the neo-Hookean with the shear modulus
is 190.6 [kPa]. The tip deflection was recorded for each time step or load increment.
The numerical result (deflections of five nodes: N1, N2, N3, N4, and N5) presents
that the FS-FEM can overcome the mesh distortion very well when compared to the
FEM, see Figure 7.12. It is obvious that the result by the FS-FEM for the distorted
mesh is a little better than that by the FEM for the non-distorted mesh (Duong and
Staat, 2014).
An inflated rectangle plate
The improvement for distorted meshes can be also seen in an inflation of a plate with
dimension 100x100x2 [mm3]. The boundary conditions of the problem are described
as follows. The two thickness faces are fixed, and the others are free to move. The
below face is subjected to a pressure p = 0.3 [kPa], see Figure 7.13. This plate is
discretized into T4 elements with 546 nodes and its very distorted mesh is shown in
Figure 7.14. The element aspect ratio is around 20 (Duong and Staat, 2014). Herein,
the material is modeled as the neo-Hookean with the shear modulus is 190.6 [kPa].
The deflection of the interested point A is achieved, represented in Figure 7.15. It
is clearly observed that the result of the FS-FEM is more accurate than one by the
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Figure 7.12: Result comparison between the distorted mesh and non-distorted mesh
of the beam.
A 
p=0.3 kPa 
Figure 7.13: A plate 100× 100× 2 [mm]
.
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Figure 7.14: Distorted mesh of the plate
.
Figure 7.15: Deformed plate
.
FEM for the distorted mesh. Furthermore, this solution of the FS-FEM is even better
than that by the FEM for the non-distorted mesh, see Figure 7.16.
In conclusion, the solutions of the FS-FEM-T4 are less sensitive to the distortion
of the meshes compared to those of the FEM-T4.
7.7.4 A 3D cubic cantilever beam
In this example, the FS-FEM-T4 improves significantly the accuracy, which can be
comparable to those of the FEM using H8 element (8-node hexahedral element).
A 3D cubic cantilever beam subjected to a uniform pressure on its upper face was
performed. The dimension of the beam is 2× 10× 2 [cm3] as depicted in Figure 7.26.
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Figure 7.16: Comparison between the distorted mesh and non-distorted mesh.
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Figure 7.17: A Bar with dimension 2× 10× 2 [cm3].
T4 element was used to discretize the 3D cubic shape and the mesh contains 3570
elements and 951 nodes, shown in Figure 7.18. The cantilever bar is subjected to
a distributed force of 400 [kN/cm2] on the upper face. An anisotropic hyperelastic
material used is Model 6 in (4.17) with the parameters in Table 4.1 (chapter 4).
As depicted in Figure 7.20, the result of the FS-FEM-T4 is very close to the FEM-
H8 with a similar number of nodes. The FS-FEM-T4 is much more accurate than the
one of the FEM-T4 with the same mesh and even better than the FEM-T4 with a finer
mesh. In conclusion, the performance of the FS-FEM-T4 is relatively equivalent to
the FEM-H8 when the same nodes of mesh are used. This exhibits the advantageous
properties of the FS-FEM as discussed before (Duong and Staat, 2014).
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Figure 7.18: Meshing the beam with T4 elements.
Figure 7.19: Displacement field of the 3D cantilever beam subjected to a uniformly
distributed load.
Figure 7.20: Displacement-force curve of the free end by FS-FEM-T4, FEM-T4 and
FEM-H8.
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(a) Stretch and growth stretch ratio (b) Stretch ratio and stress
Figure 7.21: Growth results of the cube using the Model 6 in tension test
Table 7.2: Material constants for Model 6
Model µ1[kPa] k1H [kPa] k2H k4p k5p[kPa] α[◦]
Model 6 1.272 1.0 1.912 27.462 1.0 50.78
7.7.5 Analysis of tissue growth by FS-FEM
The FS-FEM-T4 is proven to be suitable for physically and geometrically nonlinear
problems in solid mechanics, where the very complex domains are often used in dis-
cretizing. Therefore, the FS-FEM-T4 is a very useful tool for biomedical applications;
highly nonlinearity is often present, and strict requirements of accuracy and computa-
tional time are frequently imposed (Duong et al., 2015b). Herein, the FS-FEM-T4 is
applied to tissue growth in by a triaxial tension and a triaxial compression tests. The
Poisson’s ratio ν = 0.4 (or ν = 0.3 as discussed by Himpel et al. (2005)) is adopted.
Consequently, the FS-FEM-T4 can be fully utilized for growth simulation without
considering volumetric locking (Duong and Staat, 2014; Duong et al., 2014). Similar
to the numerical results for the tissue growth in Chapter 6, the anisotropic material
Model 6 is used with material constants in Table 7.2, and the growth parameters are
also tabulated in Table 7.3.
Triaxial tension test of a cube
Identical to numerical results of tissue growth in Chapter 6, the intermediate configu-
ration is incompatible (just imaginary), and hence, extensions in the three orthogonal
directions of a cube at the same time can be simulated. For five load increments (pre-
scribed displacements) of a monotonic loading, each of them has a value of 0.08, and
the stretch ratio of the isotropic growth is computed as shown in Figure 7.21a using
the FEM-H8 and the FS-FEM-T4. Both methods result in the identical solution. It
is clearly seen that the number of time steps for each load increment is gradually
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Table 7.3: Growth constants
k+υ0 k
−
υ0 m
+
υ m
−
υ υ
+ υ− 4t(time)
0.8e-3 0.8e-3 2.5 3 2 0.5 1
(a) Stresses of the cube (b) Density of the cube
Figure 7.22: Stresses and density of the cube using Model 6 in tension test
increasing. In the last prescribed displacement, the largest number of time steps
is obtained. The stresses vanish in biological equilibrium that can be observed in
the growth results, see Figure 7.22a. Thus, when the larger stresses lead to a faster
growth of the tissue. The grown cube has the volume V = 2.744V0 in which V0 is the
initial volume (Duong and Staat, 2014). Though the anisotropic materials used in
this subsection, all the numerical results are qualitatively comparable with the sim-
ulations using the isotropic growth formulation for an isotropic hyperelastic model
used by Himpel et al. (2005).
Triaxial compression test
In this test, the prescribed displacement is inverted compared to the triaxial tension
test discussed above. Similarly, the larger stress induces the smaller number of time
steps, or the tissue atrophies faster. The stresses in each load increment are corre-
spondingly increasing, Figure 7.23b. At the beginning of the load, the stresses are
smallest and they become gradually larger when the cube is atrophying. When the
cube reaches the equilibrium state, the stresses are zeros. The reduction in size of the
cube is compensated by the negative growth. The cube is continuously decreasing to
its limit stretch ratio ν− when the next load increment is applied on it. In this cir-
cumstance, ν− = 0.5, and the tissue is still degenerating since the prescribed stretch is
0.4 smaller than ν−. The max stresses of the cube are gradually increasing after each
load increment. At the final load increment, the cube has the volume V = 0.216V0 in
which V0 is the initial volume (Duong and Staat, 2014; Duong et al., 2014).
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(a) Stretch and growth stretch ratio (b) Stretch ratio and stress of the cube
Figure 7.23: Growth results of the cube using the Model 6 in compression test
Figure 7.24: Density of the cube using the Model 6 in compression test
Table 7.4: Material constant for Model 6
Model µ1[kPa] k1H [kPa] k2H k4p k5p[kPa] α[◦]
Model 6 1.272 0.02 1.912 2.462 0.01 50.78
Table 7.5: Growth constants
k+υ0 k
−
υ0 m
+
υ m
−
υ υ
+ υ− 4t(time)
6.5e-3 0.8e-3 1.5 3 1.24 0.5 1
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(a) Stretch and growth stretch ratio (b) Stretch ratio and stress of the cube
Figure 7.25: Limit of the growth of the cube using the Model 6 in tension test
(a) Residual stresses (b) Density decreasing by residual stresses
Figure 7.26: Stresses and density with the limit of the growth in tension test
The limit of the growth in tension
Consider the triaxial tension test, the external load is larger than the limit of the
growth of the tissue. This means that the growth stretch ratio ν+ = 1.24 smaller
than the largest stretch applied to the cube, see Figure 7.25a. In order to plot all
curves with a better view, the material model is again chosen as in Table 7.4 and the
growth parameters are tabulated in Table 7.5. In the third load increment the growth
stretch ratio is unable to approach the prescribed stretch; hence, the stresses become
nonzero (Duong and Staat, 2014; Duong et al., 2014). When the external load is still
applied, no growth is observed since the stresses are now no longer compensated by
the growth. Thus, this exactly results in residual stresses (curves very close together
due to the small anisotropy) inside the tissue as depicted in Figure 7.26a. In the
fourth and fifth increments, the process is a pure elastic deformation with a increase
of the volume, leading to smaller density values, see Figure 7.26b. The grown cube
has the volume V = 1.9066V0, where V0 is the initial volume.
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7.8 Conclusions
For the first time, the FS-FEM has been implemented into Code Aster (2012) for
large scale biomedical applications. In the numerical analysis of the 3D plate, a very
important conclusion is that solutions of the FS-FEM-T4 are significantly insensitive
to the mesh distortion compared to those of the FEM-T4. In addition, the nonlinear
test cases employing the anisotropic material model (Duong et al., 2012b), e.g. the
3D cantilever beams and the cube, are considered as the first applications in which
the FS-FEM has been utilized for materials with strong anisotropy (e.g. arteries).
The FS-FEM solution has higher accuracy and its accuracy and convergence can
be compatible to those of the standard FEM by 8-node hexahedral element (H8)
(FEM-H8) using the same number of nodes. Through the growth simulations of
the cube, the growth models (Lubarda and Hoger, 2002) are fully analyzed by the
FS-FEM with expected performances. To this end, internal variables of the growth
models are modified properly, the growth tensor is smoothed, and the implicit Euler
integration is implemented. The FS-FEM not only brings about better accuracy but
relative insensitivity to volumetric locking if it is combined with the NS-FEM called a
FS/NS-FEM model. In conclusion, the FS-FEM exhibits advantageous properties and
is hence capable of being fully applied to applications requiring lower computational
cost such as virtual reality.
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Chapter 8
Conclusions and future work
The thesis further discussed the numerical instability of two well-known models used
for hyperelastic composite materials namely the HSF and the MFH (Holzapfel, 2006),
respectively. Thereby, several findings of this investigation provided the comprehen-
sive answers to the questions arising in chapter 1, such as the basic reason causing
the unphysical response is due to the SDB or large difference in mechanical properties
between the two main constituents of the material. The problem can occur in any
model which is formulated by superposition of the mechanical properties of the con-
stituents of the material and is composed by at least two different terms. The study
also indicated that the unrealistic behavior takes place along a preferred direction
orthogonal to the fiber plane of anisotropic materials or in the plane perpendicular
to the fibers of transversely isotropic materials. Consequently, the author suggested
an effective way to check the numerical instability of each model. In addition, it
is adequately pointed out that the problem is caused by the numerical instability
known as the ill-conditioning of the stiffness matrix of the equation system. There-
fore, this problem is unable to arise due to fiber rotation as stated by Gasser et al.
(2006). This ill-conditioning definitely results in poor accuracy in stress and strain
solutions. Treatments to the problem lead to formulations of modified hyperelastic
models by applying the combined phenomenological-microstructural approach. The
idea is promisingly applicable to any model which might exhibit the SBD with less
effort.
Undoubtedly, the HSF model clearly shows the ill-conditioning and the needs to
be improved. By numerical testing of several suggested models, the proposed model -
Model 6 finally satisfies to overcome the unrealistic phenomenon in the physiological
deformation range of the tissue (Duong et al., 2012b). Though it was mathematically
formulated but it induces better performance for interpreting tissue behavior without
considering study of tissue histology, which often requires costly experiments. Besides,
the reason for deriving the first version of the modified Fung-type potential (MF1)
was comprehensively given in order to tackle the model stability as well as a difficulty
in solving the equation system for isotropic behavior due to lacking of the shear terms.
Thus, the isotropic version of the MF1 was, hence, utilized for simulations of liver
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and spleen tissues. It was demonstrated that the stability of the model is perfectly
assured to show its capacity of modeling isotropic behavior. Subsequently, the thesis
proposed an approach to physically characterize the matrix within the material by
identifying the shear modulus in indentation test. In spite the fact that this is an
approximation method, it is capable of ensuring model stability by introducing a
physical meaning to the material parameter.
For anisotropic materials, the MF1 (Duong et al., 2012a) was successfully applied
without numerical instability in the physiological deformation range of tissue. In this
model, once again, one material parameter, namely the shear modulus, bears a phys-
ical meaning, leading to the experimental setup of the indentation test (compression
and tension tests can be also used). In particular, the second version of the modified
Fung-type model (MF2) was properly postulated to characterize tissue response with
fiber dispersion taken into account. Thereby, all material parameters therefore imply
physical meaning. They were derived from the constraints of the model constants
satisfying the stability and the microstructure of the material. This novel formu-
lation is able to improve the numerical stability in applications of 3D problems in
which both compression and tension states take place. On the other hand, the MFH
and the HSF might be incapable of describing correctly the mechanical properties of
materials in compression state since they suffer from the ill-conditioning problem as
discussed in the tension states. The material parameters are now obtained from curve
fitting phase by combining experimental data in both tension test and compression
one. As a consequence, numerical results using the proposed models show significant
improvements in characterizing complex stress states. Applications employing the
Model 6, MF1 and MF2 for materials with SDB are considered a core contribution
which has been presented for the first time.
In addition, the isotropic and transversely isotropic growth models were also pre-
sented in a finite elements setting (Duong and Staat, 2014; Duong et al., 2014).
By adopting multiplicative decomposition of the overall deformation gradient in the
stress-driven approach, the growth modeling can be therefore dealt with in the con-
stitutive framework, resulting in a convenient and simple formulation. Within this
study, the growth ratios induced from stress were considered as internal variables,
computed by an implicit method. When the standard FEM is used, these internal
variables were computed at integration point level. Besides, the thesis further inves-
tigated an incorporation between the FS-FEM and the growth models (Duong et al.,
2015b). To this end, the growth tensor was smoothed, and the internal variables
were solved by the implicit Euler method over each smoothing domain in order to
perform the numerical integration. That required some modification in the FS-FEM
formulation. As a result, numerical solutions were achieved with better performance
as expected (often better than those of the FEM) without considering the effect of
volumetric locking. It demonstrated that the FS-FEM is fully capable of solving
boundary-value problems in biomechanics.
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Furthermore, the thesis also presented the SFEM as the alternative tool to solve
boundary-value problems (Duong and Staat, 2014; Duong et al., 2014). To simulate
3D complex domains the FS-FEM-T4 was therefore implemented in the open source
software. Indeed, the method originated from mesh-free research. The idea of apply-
ing smoothed strain fields is to eliminate the instability of direct nodal integration
techniques in the mesh-free methods when the shape function derivatives at nodes
vanish (Liu et al., 2007a). This created an excellent chance to utilize distorted meshes.
In all the numerical examples tested, it is clearly seen that the present SFEM is more
accurate than the FEM. Concretely, the SFEM always achieves higher accuracy and
convergence rates than those of the FEM, in particular, for incompressibility, singu-
larities or distorted meshes, capacity of free locking. Herein, the applications using
the FS-FEM to the proposed models (anisotropic models and growth models) are, so
far, considered as the headmost analysis.
Future work on the open source software Code Aster is to overcome the volumetric-
locking occurring in incompressible or nearly incompressible materials. The FS-FEM
is unable to get rid of this shortcoming itself. However, a combination of the FS-
FEM and the NS-FEM (called the FS-FEM/NS-FEM) can absolutely remove the
problem (Nguyen-Thoi et al., 2008; Yao et al., 2012). Though Frotscher and Staat
(2012a,b) performed applications in which their ES-FEM models were applied to an
isotropic material for 3D plates (membrane tissues) and 2D problems, respectively. It
is still emphasized that strongly anisotropic materials have not yet been solved by the
SFEM and no findings in literature have been so far found (Duong and Staat, 2014).
Thus, there is still a need to apply the SFEM to complex boundary-value problems
with more complicated materials. Two characteristics of the SFEM, which are to be
immune from locking effect and to be insensitive to mesh distortion, could ensure
that the SFEM is able to solve complicated problems in biomechanics and biomedical
engineering with lower computational costs.
Combinations of the FS-FEM with anisotropic growth and remodeling models
would also be considered in future. On the other hand, the SFEM can be combined
with the Extended Finite Element Method (XFEM) in tissue cutting applications.
Since the smoothing strain technique is adopted with lower order elements, the SFEM
enables the XFEM to overcome existing problems, e.g. singularities at cracking points
and distorted meshes. Thus, this combination is capable of modeling crack propaga-
tion or cutting, especially, applications for 3D solid cutting, which have not yet been
done. Furthermore, by possessing superconvergence rates and better accuracy, the
combination prominently meet requirements of less computational costs and leads to
the satisfaction of the real-time constraint of virtual reality. For example, simula-
tion of an operation using virtual reality in medical student training is one of the
most demanding topics, which still faces many challenging problems in making the
simulations close to reality.
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